QUIVER VARIETIES AND TENSOR PRODUCTS 
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Abstract. In this article, we give geometric constructions of tensor products in various 
categories using quiver varieties. More precisely, we introduce a lagrangian subvariety 3 in a 
quiver variety, and show the following results: (1) The homology group of 3 is a representation 
of a symmetric Kac-Moody Lie algebra g, isomorphic to the tensor product V{Xi)®- ■ ■<E)V{Xn) 
of integrable highest weight modules. (2) The set of irreducible components of 3 has a structure 
of a crystal, isomorphic to that of the q-analoguc of V^(Ai) ® • • • (g) V^(AAr). (3) The equivariant 
X-homology group of 3 is isomorphic to the tensor product of universal standard modules of 
the quantum loop algebra Ug(Lg), when g is of type ADE. We also give a purely combinatorial 
description of the crystal of (2). This result is new even when = 1. 
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Introduction 

Let be a symmetric Kac-Moody Lie algebra and let Uq(0) be the quantum enveloping al- 
gebra of Drinfeld-Jimbo attached to 0. For each dominant weight w of 0, the author associated 
a nonsingular variety 9Jt(w) (called a quiver variety), containing a half dimensional subvariety 



£(w) p8|, 0. It is related to the representation theory of q and Ug(0) as follows: 

(1) The top degree homology group iftop('C(w), C) has a structure of a g-module, simple 
with highest weight w. (pO|) 

(2) The set Irr£(w) of irreducible components of ii(w) has a structure of a crystal, iso- 
morphic to the crystal of the simple Ug(g)-module with highest weight w. (Kashiwara- 

Saito UTel m) 



Suppose g is of type ADE. Let Lg = q[x,x ^] be the loop algebra of g and let Uq(Lg) be 
the quantum loop algebra (the quantum affine algebra without centeral extension and degree 
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operator) with the integral form \J^(Lq) generated by g-divided powers. In the author 
showed the following: 

(3) The equivariant ii"-homology group /^^^xc* j^as a structure of U^(Lg) [x^, . . . , x^]- 

module, which is simple and has various nice properties. 

Here L = ^^(/ifc^w) and is a torus of dimension L acting on 9Jl(w) and ii(w). We call 
it a universal standard module, and denote it by M(w). (In the main body of this article, we 
replace by a product of general linear groups, and \J^{'Lg)[xf, . . . ,x^] by the invariant 
part of a product of symmetric groups.) It was shown that any simple Ug(Lg)-module is 
obtained as a quotient of a specialization of M(w). This specialization is called a standard 
module. Moreover, the multiplicities of simple modules in standard modules are computable 
by a combinatorial algorithm , 



In this article, we generalize results (1),(2),(3) to the case of tensor products of simple 
modules. For given dominant weights w^, w^, . . . , we introduce another half- dimensional 
subvarity 3 of 3Jl(w), containing ii(w) (w = + ■ ■ ■ + w^), and show the foUowings: 

(1) ' iftop(3,C) has a structure of a g-module, isomorphic to the tensor product of simple 

g-modules with highest weights w^, . . . , w^. (Theorem |5.2| ) 

(2) ' The set Irr3 of irreducible components of 3 has a structure of a crystal, isomorphic to 

the tensor product of the crystals Irrii(w^), . . . , Irr£(w^). (Theorem [4.6| ) 

(3) ' When g is of type ADE, the equivariant i^-homology group K^^^'^ (3) is isomorphic to 

the tensor product of universal standard modules M(w^), . . . , M(w^). (Theorem |6.11| ) 

The result (2)' means that {Irrii(w) | w G P^} is a closed family of highest weight normal 
crystals (see § |1.2| for definition). This property characterizes crystals of simple highest weight 
modules. Thus we obtain a new proof of (2). 

As an application of (3)', we give a new proof of the main result of Varagnolo-Vasserot 
P7[ (see Corollary |6.12| ). It says that a standard module is a tensor product of fundamental 



representations in an appropriately chosen order. 

We also give a combinatorial description of the crystal Irr£(w) in It is essentially 
the same as a combinatorial description of ^(w), provided by the embedding theorem of the 
crystal B{oo) of the lower part of the quantized enveloping algebra ([|l4l). We shall discuss 



this description further, relating it with the theory of g-characters in a separate publication. 

The varieties 3, 3 are defined as attracting sets of a C*-action for some one parameter 
subgroup A: C* — > H^. The relation between the C*-action and tensor products has been 
known to many people after the author related the quiver varieties to Lusztig's construction 
of canonical bases p8|, since Lusztig defined the comultiplcation in a geometric way (see |]20|). 



Moreover, when q is of type An and w is a multiple of the fundamental weight corresponding 
to the vector representation, the quiver variety OJt(w) is isomorphic to the cotangent bundle of 
the n-step partial flag variety. In this case the comultiplication was constructed by Ginzburg- 
Reshetkhin-Vasserot 0. The result was also mentioned without detail in an earlier paper by 
Grojnowski [§. And the author used the C*-action to compute Betti numbers of 3Jt(w) (when 
is of type A) , and checked that the generating function of the Euler numbers is the character 
of the tensor product p9[. For general 0, Grojnowski mentioned, in his 'advertisement' ||^ of 
his book, that the coproduct is defined by the localization to the fixed point set of the C*- 
action. However the details of the construction of Ug(L0)-module structures were not given. 
The details were given in [0, and by the localization, tensor products were studied, but only 
for generic parameters [14.1.2, loc. cit.] (see also Lemma |H^ ) . Tensor products for arbitrary 
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parameters need further study, and it was first done by Varagnolo-Vasserot ^7^. The resuh (3)' 
above is motivated by their study, although the author knew 3 before their paper appeared. 
The variety 3 is an analogue of subvarieties of cotangent bundles of flag varieties, introduced 



by Lusztig (Our notation is taken from his.) In his picture, 97l(w) corresponds to 

Slodowy's variety, il(w) to the Springer fiber B^. The equivariant if-homology group of B^: 
is a module of the affine Hecke algebra Hg. The equivariant /T-homology of 3 is an induced 
module of a module of above type for a smaller affine Hecke algebra. 

One of motivations of was a conjectural construction of a base in the equivariant K- 
homology of Bx- Lusztig pointed out a possibility of a similar construction for quiver varieties 
25| . Combining a result in with a recent result by Kashiwara [|15| , the universal standard 



module M(w) has a global crystal base. It is interesting to compare his base with Lusztig's 
(conjectural) base. 

Finally we comment that there is a geometric construction of tensor products of two simple 



0-modules by Lusztig [^. His variety is a subvariety of a product of quiver varieties. In fact, 
an open subvariety of an analogue of Steinberg variety, which will be denoted by Z{w) in this 
article. The relation between his variety and 3 is not clear, although there is an example where 
a close relation can be found (see §|^). And it seems difficult to generalize his varities to the 
case of tensor products of several modules. (Compare 

After this work was done, we were informed that Malkin also defined the variety 3 and 



obtained the result (2)' above 



Acknowledgement. This work originated in G. Lusztig's question about analogue of his 
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explaining me his construction of tensor products for generic parameters during 2000 winter. 
I also express my sincere gratitude to M. Kashiwara for interesting discussions about crystal. 

1. Preliminaries (I) - algebraic part 

1.1. Quantized enveloping algebra. We briefiy recall the definition of the quantized en- 
veloping algebra in this subsection. See [|T^ for further detail. 
A root datum consists of 

(1) P : free Z-module (weight lattice), 

(2) P* = Homz(P, Z) with a natural pairing ( , ) : P ® P* Z, 

(3) a finite set / (index set of simple roots) 

(4) Ok e P {k e I) (simple root), 

(5) hk e P* {k e I) (simple coroot), 

(6) a symmetric bilinear form ( , ) on P. 

Those are required to satisfy the followings: 

(a) {hk, A) = 2{ak, A)/ (a^, a^) for G / and A G P, 

(b) C {{hk,ai))k,i is a symmetrizable generalized Cartan matrix, i.e., {hk,ak) = 2, and 
{hk, ai) e Z<o and {hk, ai) = {hi, ak) = for k ^ I, 

(c) {ak,ak) e 2Z>o, 

(d) {ak}k£i are linearly independent, 

(e) there exists Ak E P {k E I) such that {hi,Ak) = Ski (fundamental weight). 

Let Q be the symmetrizable Kac-Moody Lie algebra corresponding to the generalized Cartan 
matrix C with the Cartan subalgebra f) = P* (8>z Q- Let Q = Za^ C P be the root 
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lattice. Let P+ be the semigroup of dominant weights, i.e., P+ = {A | {h^, X) > 0}. Let 
Let q be an indeterminate. For nonnegative integers n > r, define 



. 1 dc_f. q'^-q , de_f. J [n]g[n - l]q • ■ ■ [2] Jl], {n > 0) 



def. n 



r]g\[n-r]g\ 



The quantized universal enveloping algebra Ug(0) of the Kac- Moody algebra g is the 
algebra generated by e^, fk {k & I), q^ {h G P*) with relations 

(Lla) g° = 1, q^q^' = q^+^\ 

(Lib) g^fcg-^ = q^^'^^'^ek, q'^hq'^ = 

(1-lc) Ckfl - flCk = Ski 37, 

(l.ld) = =0 for M 

p=0 p=0 

where qk = = qi-.M^^ 5 = i _ (/.^^c.,), e^^^ = e^/[p],J, /^^^ = /^/[pI.J. 

Let Ug(g)^ (resp. Ug(g) ) be the Q(g)-subalgebra of Uq(g) generated by elements e^'s (resp. 
/fc's). Let Ug(g)° be the Q(g)-subalgebra generated by elements q^ {h G P*). We have the 
triangular decomposition Ug(g) = Ug(g)"'" ® Ug(g)° Uq(g)". 

Let (g) be the Z[g, g~-'^]-subalgebra of Ug(g) generated by elements e^"\ Z^"'', g'^ for A; G /, 
n G Z>o, /i G P*. 

In this article, we take the comultiphcation A on Uq(g) given by 

Aq^ = q^®q^, Ae^ = ® g^^'' + 1 ® e^, 
A/, = /fc ® 1 + g^'' ® /fc. 



Note that this is different from one in |22|, although there is a simple relation between them 
|T3| , 1.4]. The results in hold for either comultiphcation (tensor products appear in (1.2.19) 
and (14.1.2)). In [53, §2] another comultiphcation was used. If we reverse the order of the 
tensor product, the results hold. 

For each dominant weight A G P"*", there is unique simple module V"(A) with highest weight 
A. The highest weight vector is denoted by 6a- 

Later we use the classical counter part of Uq(g). We just erase q in the above notation, e.g., 
Ug(g) ^ U(g), etc. Simple highest weight modules are denoted by the same notation V^(A). 



1.2. Crystal. Let us review the notion of crystals briefly. See |T^, [T6| for detail. 

Definition 1.3. A crystal E associated with a root datum in §1.1| is a set together with maps 
wt : i3 — s> P, £:fc, : — > Z U {—00}, Ck, fk'- J3 — > B L\ {0} {k G /) satisfying the following 
properties 

(1.4a) ifikib) = Ekib) + {hk, wt(6)), 

(1.4b) wt(efc6) = wt(6) + ak, ek{ekb) = Skih) - 1, (fk{ekb) = (fk{b) + 1, if e^fo G B, 
(1.4c) wt(/fc6) = wt(6) - ak, Skifkb) = ek{b) + 1, ^Pkifkb) = (fk{b) - 1, if fkb G B, 
(1.4d) b' = fkb^b = Ckb' for 6, h' G B, 
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1^1. 4e) if (pk{b) = — oo for b E B, then e^ft = fkb = 
We set wtfc(6) = {hk,wt{b)). 

The crystal was introduced by abstracting the notion of crystal bases constructed by Kashi- 
|13| . Thus we have the following examples of crystals. 



wara 



Notation 1.5. (1) Let B{oo) denote the crystal associated with Uq(g)~. 

(2) For A G P^, let B{\) denote the crystal associated with the simple Ug(g)-module V^(A) 
with highest weight A. 

We also have the following examples. 

Example 1.6. (1) For all A; G /, we define the crystal Bk as follows: 

Bk = {bk{n) I n G Z}, 
wt(6fc(n)) = nak, (pk{bk{n)) = n, £k{bk{n)) = -n, 
fi{bk{n)) = ei{bk{n)) = -oo (/ 7^ k), 

ek{bk{n)) = bk{n + 1), fk{bk{n)) = bk{n - 1), 

ei{bk{n)) = fiibkin)) = (/ ^ k). 

(2) For A G P^, we define the crystal T\ by 

Tx = {tx}, 
wt{tx) = A, ipkitx) = Skitx) = -00, 

Ckitx) = Jkitx) = 0. 

A crystal B is called normal if 

Skip) = max{n | e^b ^ 0}, '^k{b) = max{n | fj!b ^ 0}. 
It is known that B{X) is normal. 

For given two crystals Bi, B2, a morphism ip of crystal from Bi to B2 is a map Bi U {0} 
B2 U {0} satisfying tp{0) = and the following conditions for all 6 G A; G /: 

(1.7a) wt(z^(6)) = wt(6), £^(^(6)) = 5^(6), M'^^ib)) = Mb) if ^{b) G B2, 

(1.7b) ekij{b) = ij(ekb) if ij{b) e B2, Ckb e B,, 

(1.7c) fktfjib) = tfjifkb) if ^{b) G B2, fkb G Bi. 

A morphism ip is called strict if commutes with e^, fk for all /c G / without any restriction. 
A morphism ip is called an embedding if ip is an injective map from Bi U {0} to B2 U {0}. 

Definition 1.8. The tensor product Bi ® B2 of crystals Bi and B2 is defined to be the set 
Bi X B2 with maps defined by 

(1.9a) wt(6i (g) 62) = wt(6i) + wt(62), 

(1.9b) ek{bi ® ^2) = max(£:fe(6i), £^(62) - wtfe(6i)), 

(1.9c) 99fe(6i (g) 62) = max(v9fc(&2), V5fe(&i) + wtfe(62)), 

n^A ~ ^ ^ J^-^^i ® ^2 if ¥'fc(&i) > £fc(&2), 

efc(6i ^62) = U ^~ , . 

bi ® efc02 otherwise, 
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fkbi ® 62 if 'fk{bi) > €k{b2), 
bi ® fkb2 otherwise. 

Here (61, 62) is denoted by bi (g 62 and ® 62, ^1 ® are identified with 0. 



It is easy to check that these satisfy the axioms in Definition |1.3| . It is also easy to check 
that the tensor product of two normal crystals is again normal. 

It is easy to check {Bi (g) B2) (g ^3 = Si (g {B2 (g -B3). We denote it by Bi ® B2 <^ B3. 
Similarly we can define i?i (g ■ ■ ■ (g Bn- Then using Bi® ■ ■ ■ ® B^ = {Bi (g ■ ■ ■ (g -Bn-i) ® Bn, we 
can determine the tensor product of more than two crystals inductively as follows. For given 
61 (g ■ ■ ■ (g 6„, we define 

(1.10) 4 Ekibp) - wtk{bg), ifl ^= ipkibp) + wtfc(6g). 

q:q<p q:q>p 

It is easy to show the following by induction: 
(1.11a) wt(6i (g ■ ■■ ® 6„) = ^wt(6p), 



1^1. lib) £k{bi (g ■ ■ ■ (g 6n) = max e 



l<p<n 



(l.llc) ^kibi (g ■ • • (g 6n) = max (fl, 

l<p<n 



(l.lld) 

(l.lle) 



ek{bi (g • • ■ (g 6„) = 61 (g ■ ■ ■ (g Ckbp (g ■ • • (g 6„ 

where p = min{g | el = Skipi (g ■ ■ • (g 6„)}, 

fk{bi ® ■ ■ ■ ®bn) = bi® ■ ■ ■ ® fkbp (g • ■ ■ (g 6„ 

where p = max{g | ifl = (pk{bi ® ■ ■ ■ ® bn)}- 



Definition 1.12. A crystal B is said to be of highest weight A if the following conditions are 
satisfied: 

(1) there exists bx E B with wt(6A) = A such that ekipx) = for all k E I, 

(2) B is generated by bx, i.e., any element in B is obtained from bx by applying fk successively. 

Note that 6a is unique if it exists. 

Definition 1.13. Suppose that a family {^^(A) | A G P^} of highest weight normal crystals 
T>{X) of highest weight A with 6a ^ satisfying the above properties is given. It is called 

closed if the crystal generated by 6a ® 6^ in V^X) (g I^(/i) is isomorphic to V{\ + /i). 

We have the following characterization of B{X) in |1.5| . 

Proposition 1.14 ([|l|, 6.4.21]). // {^^(A) | A G P~^} is a closed family of highest weight 
normal crystals, then T>{X) is isomorphic to B{X) as a crystal for any A G P"*". 

1.3. Quantum loop algebra. We briefly recall the notion of quantum loop algebra. See 
P, H for detail. 



Suppose that a root datum P, P*, etc as in §^3] is given. Let Lg be the loop algebra 
(gQ [z, z~^] of the symmetrizable Kac-Moody Lie algebra q. We define the quantum loop 
algebra Uq(Lg) as a Q(g)-algebra generated by ek^r, fk,r {k E I, r E Z), q'^ {h G P*), hk^m 
(fc G /, m G Z \ {0}) with the following defining relations 

(1.15a) = 1, gV' = q'^^'^' , [q\ hk,m] = 0, [hk,m, hi,n] = 0, 
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(1.15b) 
(1.15c) 

(1.15d) 

(1.15e) 

(1.15f) 
(1.15g) 



[xt{z),x;iw)] = {6 (^) .ptM - S (9 V^.-(-) 

{z - g^2w)x^(z)x^(w) = (g^^z - w)x^{w)x^{z), 

Yl {z-q^^''-^^^w)xt{z)xf{w)= n {q^^''-'''^z-w)xf{w)x^{z), iik^l, 
p=i 



p=i 



Qk 



where s = ±, b = 1 — {hk, on), b' = — (a^, ai), and Sb is the symmetric group of b letters. Here 
5{z), x'l^{z), x]^{z), i'^iz) are generating functions defined by 



r=—oo r=—oo 

(oo 

We also need the following generating function 



dcf. 



k,rZ 



Pki^ 



exp 



E 



^k,±m 



m=l I- J^'' 



We have ij^{z) = t^vi{%z) /p^{q,^^ z). 

There is a homomorphism Ug(g) — > Ug(Lg) defined by 



Let Ug(L0)+ (resp. Ug(L0)~) be the Q(g)-subalgebra of Uq(Lg) generated by elements e^^s 
(resp. fkrs). Let Ug(Lg)° be the Q(g)-subalgebra generated by elements q^, hkm- We have 
U,(L0) = U,(L0)+ ■ U,(L0)O ■ U,(L0)-. 

Let eg e^,./[n]qj, /^"^ Let Uf(L0) be the g-i]-subalgebra generated 

by efl, f'^) and q^ for k e I, r e Z, h e P*. The specialization U^(L0) C with 

respect to the homomorphism Z[g, g^^] 9 g i— > £ G C* is denoted by \J^{Lq) for e G C*. 

Let U^(L0)+ (resp. Ug (Lg)~) be Z[q, g^^]-subalgebra generated by eg (resp. fl""^) for k & I, 
r E Z, n E Z^q. Let Ug(Lg)° be the Z[g, g~^]-subalgebra generated by q^, the coefficients of 
Pkiz) and 



„_i 9fc ~ 



for allheP,keI,neZ,re Z^q. We have U^{Lq) = Uj(L0)+ ■ Uj(L0)O ■ Uj(L0)- if g is 
of finite type (§,6.1]). 
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Suppose that a datum (^A, (^^{z))^^^j G P x Q(g)[[z^]]^ satisfying 

^+(00) = (ftfc, ak){X, hk)/2, (0) = -{ak, ak){X, hk)/2 

is given. We say a Uq(Lg) -module M is an l-highest weight module ('/' stands for the loop) 
with l-highest weight ^A, (\l/^(z))^^^ j if there exists a vector tjiq E M such that 

(1.16a) ek,rmo = 0, Ug(Lg)"mo = M, 

(1.16b) q'^nio = q^'^'^'^rriQ hiheP*, {z)mo = "^"^ {z)mo hike I. 

A Ug(Lg)-module M is said to be l-integmhle if the following two conditions are satisfied. 

(a) M has a weight space decomposition as a Ug(0)-module: 

M = M^, {m I g'^ ■ = g^^'^^m for any h G P*}. 

And dimM^ < 00. 

(b) For any m G M, there exists no > 1 such that Ck^n ■ ■ ■ ^k,r„ * m = fk^n ■ ■ ■ fk,rn * m = 
for all ri, . . . , r„ G Z, A; G / and n > no- 

We say ^A, {"^"k i^)) kei^ l-dominant, if A G P^ and there exists a /-tuple of polynomials 
P{u) = {Pk{u))k e Q{q)[uY with Pfc(O) = 1 satisfying 



;i-i7) m^) = ql 



Pk{qk/z) 



where ( )^ G Q(g)[[2;^]] denotes the expansion at 2; = 00 and respectively. 

The simple /-highest weight module M is /-integrable if and only if its /-highest weight 

^A, (\l/^(z))^^^j is /-dominant, provided q is of finite type (0) or is symmetric ([0]). In 

this case, P{u) is called a Drinfeld polynomial of M. Since the simple /-highest weight module 
is determined by A and P, we denote it by L(A, P). 

Let M be a Uq(L0)-module with the weight space decomposition M = 0^gp as a 
Ug(g)-module such that dimM^ < 00. Since the commutative subalgebra Uq(Lg)° preserves 
each M^, we can further decompose M into a sum of generalized simultaneous eigenspaces for 
U,(Ls)0: 

(1.18) M = 0M,p±, 

where \l/^(z) is a pair (/x, (\l/^(z))fc) and 

^m = q^'^'^'^m for h e P* 



M^± =■ <( m G M 



(V^fc (^) ~ ^fc (-2) M) m = for G / and sufficiently large N 



If M,i,± 7^ 0, we call Mq,± an l-weight space, and the corresponding \l/^(2;) an l-weight of M. 
This is a refinement of the weight space decomposition. 

Let A G P"*" and Xk = {hk,X) G Z>q. Let Ga = Ilfce/ representation ring 
R{G\) is the invariant part of the Laurant polynomial ring: 
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where we put a numbering 1, . . . , tt, to /. In when q is symmetric, we constructed a 
U^(L0) 02 _R(G'a) -module M(A) such that it is /-integrable and has a vector [0]a satisfying 

(1.19a) efc,r[0]A = for any G /, r G Z, 

(1.19b) M(A) = (Uj(Lg)- ®^ R{Gx)) [0]a, 

(1.19c) g'^[0], = g(M)[o],, 

(l-19d) i^timx = <1'" \\\ \ "^'yi" ) [0]a. 




- qxk,i/z 

We call this a universal standard module. Its construction, via quiver varieties, will be explained 
briefly in §^ 

If an /-tuple of monic polynomials P{u) = {Pk{u))kei with degP^ = (^fc, A) are given, then 
we define a standard module by the specialization 

M(A,P) = M(A) C(g), 

where the algebra homomorphism R{G\)[q,q^^] C(g) sends Xk,i, ■ ■ ■ ,Xk,Wk to roots of Pk- 
The simple module L(A, P) is the simple quotient of M(A, P). 

It is known that M(A) is free as an i?(GA)-module (||32|, 7.3.5]). Thus M(A, P) depends on 
P continuously, while L(A, P) depends dis continuously. 

1.4. Drinfeld realization. Now we assume that q is of finite type, i.e., ( , ) is positive 
definite. We take a root datum so that rankP = rankg. It is well-known that the untwisted 
affine Lie algebra g = Lg © Qc © Qrf is a Kac-Moody Lie algebra with a root datum 

P* = P*©Zc©Zrf, / = /U{0}, 

and certain a^, h^, { , ). The quantum affine algebra Uq(0) is the quantum enveloping algebra 
associated with this root datum. Let Uq(0)' be the subalgebra of \Jq(^)/{q^ — 1) generated by 
Cfc, fk {k G /) and q^ {h G P). Then a comultiplication A is defined on Uq(0)' by the same 
formula (|1.2|) . The integral form Ug(g)' is defined in the same way. 

In p Drinfeld observed that there exists an isomorphism Ug(Lg) — > Uq(g)' of Q(g)-algebras. 
Its explicit form was given by Beck []1|: 

efc,r = o{kyT7f{ek), fk,r = oikyrr^ifk), 

where a: I {±1} is an orientation of / such that o{k) = —o{l) if aki 7^ for k ^ I, and T^^^ 
is an automorphism of Ug(0)' defined by Lusztig (the braid group action). Since T^^, preserves 
(0)', the isomorphism induces an isomorphism (Lg) — > U^(g)'. 

We shall identify Ug(0)' with Ug(Lg) when is of finite type hereafter. In particular, we 
have a comultiplication A on Ug(Lg). We need the following asymptotic formula, which can 
be deduced from |TU[. 

Lemma 1.20. (1) On finite dimensional Uq^Lg) -modules, we have 

^{hk,±m) = hk,±m ® 1 + 1 © hk^±m + ^ nilpotcnt term. 

(2) Let V and W be finite dimensional UgiLiQ) -modules. Suppose that V has a vector b such 
that ek,rb = for all k & I , r E Z. Then a subspace {b} ® W C V ® W is invariant under 
\Jq(LQ)~^ , and the map W3xi-^b^x & {b} © W respects \J q(Lg)~^ -module structure. 
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Remark 1.21. The property (2) depends on our choice of the comultiphcation (|1.2| ). If we take 
one in 



20 1 , then the property holds after we exchange V and W. 



Before we close this section, we give an algebraic characterization of the standard mod- 
ule. We assume g is of type ADE. For each fundamental weight Aj., the universal stan- 
dard module M(Afc) is a U^(Lfl) R{C* x C*) ^ V^(LQ)[x,x~^]-modu\e. We set 
Vr(Afc) = M(Afc)/(x — l)M{Ak). It is called an l-fundamental representation. 

Theorem 1.22. Put a numbering l,...,n on I . Let \k = {hk,X). The universal standard 
module M(A) is the submodule of 

W{Air^^ ® ■ ■ ■ ® W^(A„)®"" ® Z[q, q-\ . . . , ■ ■ ■ , . . . , xJ,J®^i ^-x®^- 

{the tensor product is over Xlq, q^^]) generated by ^^^zi^]^'' ■ {The result holds for the tensor 
product of any order.) 



This theorem was not explicitly stated in |32|, but can be deduced by above properties as 



follows: First we make tensor products of both modules by the quotient field of R{G\)[q, q~^]. 
Then both modules are simple and have the same Drinfeld polynomial (cf. proof of Lemma |6.4| ). 
Thus there exists a unique isomorphism from M(A) ® (quotient field) to the tensor product, 
sending [0]a to ^kfzi^]^^ ■ Now by the property ( [1.19b|) and the freeness of M(A), we have 
the assertion. 

Remark 1.23. Varagnolo-Vasserot §7] conjectured that M(A) is isomorphic to a module 
studied by Kashiwara |jl5| {y{X) in his notation), after tensoring Q and forgetting the symmet- 
ric group invariance. When A is a fundamental weight, both modules are isomorphic, since they 
are simple and have the same Drinfeld polynomial. Kashiwara conjectures that his module 
V{\) has the property in Theorem |1.22| [loc. cit., §13]. Thus Varagnolo-Vasserot 's conjecture is 



equivalent to Kashiwara's conjecture. On the other hand, Kashiwara shows that the submod- 
ule above has a global crystal base [loc. cit.. Theorem 8.5]. {Nq in his notation.) Probably, this 
base coincides with the (conjectural) canonical base considered in |2^ as analogue of p2|, p^ . 



2. Preliminaries (II) - geometric part 
In this paper, all varieties are defined over C. 

2.1. i^-homology groups. Let X be a quasi-projective variety. Its integral Borel-Moore 
homology group of degree k is denoted by Hk{X,Z). Set H^{X,Ij) = 0^i7fc(X, Z). When a 
linear algebraic group G acts algebraically on X, we denote by K'-'{X) the Grothendieck group 
of the abelian category of G-equivariant coherent sheaves on X (the i^-homology group). It is 
a module over R{G), the representation ring of G. We shall use several operations on i?*(X, Z) 
and K'-^{X) in this article, but we do not review them here. See p2|, §6] and @]. 

2.2. Quiver variety. We briefly review the notion of quiver varieties. The reference to results 
can be found in p8|, §2], unless refered explictly. 

Suppose a root datum is given. We assume that it is symmetric, i.e., {ak,ak) = 2 for all 
k E L Then the generalized Cartan matrix C is equal to ((a^, tti))fc.«e/ and symmetric. To 
the root datum, we associate a finite graph (/, E) as follows (the Dynkin diagram). The set of 
vertices is identified with J, and we drow {ak,C(i) edges between vertices k and I {k ^l). We 
give no edge loops, edge joining a vertex with itself. Conversely a finite graph without edge 
loops gives a symmetric generalized Cartan matrix. 
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Let H be the set of pairs consisting of an edge together with its orientation. For h ^ H, we 
denote by m{h) (resp. out(/i)) the incoming (resp. outgoing) vertex of h. For /i G if we denote 
by h the same edge as h with the reverse orientation. Choose and fix a numbering 1,2, ... ,n 
on I. We then define a subset Q G H so that h & Q ii out(/i) < m{h). Then Q is an orientation 
of the graph, i.e., QuQ = H,Qr\Q = ^. (The numbering and the orientation will not play a 
role until §p.) The pair (/, fi) is called a quiver. 

If = and V"^ = are /-graded vector spaces, we define vector spaces by 

(2.1) HV\V') ^Rom{V,\V,'), E{V\V') Hom(KU)' ^n(.)) 

kei heH 

For B = (Bh) G E{V\V^) and C = (Ch) G E{V\V^), let us define a multiphcation of B 
and C by 

CB'^^ i J2 ChBj^)keHV\V'). 

'm(h)=k 

Multiplications ba, Ba oi a e L{V\ V^), b G L{V^, V^), B G E{V^, V^) are defined in obvious 
manner. If a G L(K\ V^), its trace tr(a) is understood as X]fctr(afc). 
If V and W are /-graded vector spaces, we consider the vector spaces 

(2.2) M = M{V, W) =■ E{V, V) © L{W, V) © L{V, W), 

where we use the notation M unless we want to specify V, W. The above three components 
for an element of M is denoted by B, i, j respectively. 

Convention 2.3. When quiver varieties will be related the representation theory, we will 
choose V and W corresponding to a pair (v,w) G x P+. The rule is dimV^ = Vk, 
dimWk = {hk,w), where v = Ylk'^^'^k- Conversely V determines v, while W determines w 
modulo an element * such that {hk, *) = for all hk. But the action of g on simple highest 
weight modules V{w) and V{w + *) differ only by scalars (see O, 9.10]). So essentially there 
is no umbiguity. 

For an /-graded subspace S = ^f,Sk of subspaces V and B G E{V,V), we say 5* is B- 
invanant if Bh{Sont(h)) C S'i„(/,). 

Fix a function e: H ^ C* such that e{h) + eiji) = for all heH. For 5 G E(V"^ V^), let 
us denote by eB G E{V^, V"^) data given by {eB)h = e{h)Bh for heH. 

Let us define a symplectic form on M by 

(2.4) u;{{B, I, j), (/?', i', j')) ti{eB B') + tr(zj' - I'j). 
Let Gv =■ rife GL(\4). It acts on M by 

(2.5) {B,t,j)^g-{B,t,j) {gBg-\gt,jg-') 

preserving the symplectic form u. The moment map fi: M — L(V, V") vanishing at the origin 
is given by 

(2.6) fi{B,i,j)=eBB + ij, 

where the dual of the Lie algebra of Gy is identified with the Lie algebra via the trace. Let 
/x~^(0) be an affine algebraic variety (not necessarily irreducible) defined as the zero set of fi. 

Definition 2.7. A point {B,i,j) G ;U~^(0) is said to be stable if the following condition holds: 
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if an /-graded subspace S = ^/^Sk of V is i?-invariant and contained in Kerj, then 
S = 0. 

Let us denote by /i^^(O)'^ the set of stable points. 

Clearly, the stability condition is invariant under the action of Gy- Hence we may say an 
orbit is stable or not. 

Let 3Jl = OJl(v, w) =■ fi^^{OY /Gy- We use the notation DJl unless we need to specify 
dimensions of V and W. It is known that the Gy-action is free on ii~^{OY and OJl is a 
nonsingular quasi-projective variety, having a symplectic form induced by u. A Gy-orbit 
though {B,i,j), considered as a point of OJl is denoted by [B,i,j]. Since the action is free, 
V and W can be considered as /-graded vector bundles over 071. We denote them by the 
same notation. We consider E(y, V), L(W, V), L(V, W) as vector bundles defined by the same 



formula as in (|2.1|) . By the definition, B, i, j can be considered as sections of those bundles. 



Let us consider three-term sequence of vector bundles over 07l(v, w) given by 

(2.8) L{V, V) ^ E{V, V) © L{W, V) © L{V, W) ^ L{V, V), 

where dfi is the differential of at {B,i,j), i.e., 

dfi{C, /, J) = eBC + eCB + iJ + /j, 

and i is given by 

Then l is injective and is surjective, and the tangent bundle of 97l(v, w) is identified with 
Ker d^l \m.L. 

Let 9Jlo = OKo(v,w) ^= fi~^{0)//Gv, where / is the affine algebro-geometric quotient, i.e., 
the coordinate ring of fi~^{0)//Gv is Gy-invariant polynomials on /i~^(0). It is an affine 
algebraic variety, and identified with the set of closed Gy-orbits in Ai~^(0) as a set. 

There exists a projective morphism vr: OJt — > TIq, sending [B,i,j] to the unique closed orbit 
contained in the closure of the orbit Gy ■ {B,i,j). 

Let £ = £(v, w) 7r~^(0). It is a lagrangian subvariety in OJt(v, w). 

If v' — V G Q^, then OJto(v, w) can be identified with a closed subvariety of 9Jto(v', w). We 

consider the direct limit 97to(oo, w) IJv^o(v,w). If the graph is of finite type, $Ho(v, w) 
stabilizes at some v. This is not true in general. However, it has no harm in this paper. We 
use 07lo(oo, w) to simplify the notation, and do not need any structures on it. We can always 
work on individual 3Ko(v,w), not on OKo(oo,w). 

We set 9Jl(w) |J^97l(v,w), £(w) Llv'^('^''^)- They may have infinitely many com- 
ponents, but ho harm as above. 

Let A(v, w) denote the diagonal in OK(v, w) x 9?t(v, w). It is a lagrangian subvariety, if we 
endow a symplectic form uj x {—uj) on OJl(v, w) x 9Jt(v, w). 

For n G Z>o, we define ^^"^(v, w) by 



(2.9) =■ {iB,t,j,S) I iB,t,j) e M{V,W), ScVas below}/G 



V, 



(a) iB,t,j)efi-\0r, 

(b) S* is a /^-invariant subspace containing the image of i with dimS* = v — na^. 
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When n = 1, we simply denote it by *Pfc(v, w). If we set v' = v — na^, we have a natural 
morphism ^^"'■'(v,w) — > !H(v', w) x OJt(v, w) by 

[B,t,j,S]^i[B',t',f],[B,t,j]), 

where {B',i',j') is the restriction of {B,i,j) to S. 

Then ^^"■'(v,w) is a nonsingular closed lagrangian subvariety in OJl(v',w) x £DT(v, w) ( P^ 
11.2.3]). The quotient V/V defines a rank vector bundle over *P^"''(v, w). 

Let Gw = YlkGi^^i^k)- It acts naturally on M, Tl and Mq. We define C*-actions on Tl 
and 9Jto by 

B^^t^w+^Bh, t^u, j^tj (tec*), 

where m: H ^ Z is a certain function determined by a numbering on edges joining common 
vertices (see 2.7]). When the root datum is simply-laced, i.e., symmetric and (afc,a/) G 
{0,1} for /c 7^ /, we have m = 0. We denote this action by {B,i,j) ^ g * {B,i,j) or 
[B,i,j] ^g*[B,i,j] for g e Gw C*. The vector bundles V, W, E{V,V), L{W,V), L{V,W) 
are Gw x C*-equivariant bundles, and B, i, j are equivariant sections. 

Let L{m) be the 1-dimensional C*-module defined by t for m G Z. For a C*-module 

V, L{m) ® is denoted by q^V . That is L(l) is identified with q. 

We consider the following Gw x C*-equivariant complex C* over 

(2.10) = C'^(v,w): ^"'^fc 0[-(/^fe,ai)],V^© W^fc gVfc, 

where 

in(/i)=fc in{h)=fc 

We assign degree to the middle term. 

Let Qfc(v, w) the degree cohomology of the complex ( p.lO| ), i.e., 

(5fc(v, w) KerTfc/ImcTfc. 
We introduce the following subsets of 3Jt(v, w): 

codimy Im = n 



mk.ni^.w)"^- 1 [5,z,j] Gan(v,w) 



(2.11) 

2)Tfc;<n(v, W) =■ IJ a7lfc;m(v,w), 9Jtfc;>„(v, w) = |J aKfc;m(v, w). 



m<n iri>n 



Since 9Jlfc.<„(v, w) is an open subset of 97l(v,w), !Hfc:n(v,w) is a locally closed subvariety. 
The restriction of (^^(v, w) to OJtfc:„(v, w) is a Gpi/ x C*-equivariant vector bundle of rank 
(/ifc, w - v) + n. 

Replacing Vk by Imr^, we have a natural map 

(2.12) p: aJlfc;„(v, w) ^ mt,,o(v - w). 

Note that the projection vr: 3Jt(v, w) 9Jto(v,w) factors through p. In particular, the fiber 
of TT is preserved under p. 
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Proposition 2.13. Let G{n,Qk{v — na^, w)|gjtj..o(v-nQfc,w)) be the Grassmann bundle of n- 
planes in the vector bundle obtained by restricting Qk{^ — na^, w) to 07lfc;o(v — na^, w). Then 
we have the following diagram: 



2^fc;n(v,w) — ^ 97tfe.o(v - nOfc, w), 

where U is the natural projection. The kernel of the natural surjective homomorphism p* Q k{v — 
nak,w) — > Qfc(v,w) is isomorphic to the tautological vector bundle of the Grassmann bundle 
of the first row. 

The following formula will play an important role later. 
(2.14) dimfiber of p = n{{hk, w — v) + = - (dimOK(v, w) — dim97l(v — nak, w)) . 

3. Varieties 3, 3 and their equivariant /T- theories 

The main body of this article starts from this section. For the sake of space, we only consider 
the case of tensor products of two modules. The arguments can be generalized to the case of 
N modules in a straightforward way. We will mention in §^ 

Let w, w^, G P"*" be dominant weights such that w = + w^. These will be fixed until 

m 

Let us fix a direct sum decomposition W = © of /-graded vector spaces with 
{hk,w^) = dimWl, {hk,w^) = dimWi. Set Gw^ = UkGHW^), Gw^ = UkGHWi). 
We define a three-term sequence of vector bundles over 9Jl(v^, w^) x 9Jl(v^, w^) by 

(3.1) L{V\ V^) ^ E{V\ V^) © L{W\ V^) ® qUV\ W^) ^ h{V\ V^), 

where 

f3^\G © / © J) = eB^G + eGB^ + i^J + 

This is a complex, that is = 0, thanks to the equation sB^B^ + i^j^ = (p = 1, 2). It 

is C* X Gvi/i X Gvi/2-equivariant. 

By the same argument as in |3^, 3.10], a^^ is injective and (3"^^ is surjective. Thus the 



quotient Ker/^^^/Ima^^ is a vector bundle over !Ut(v^,w^) x OJl(v^, w^) with rank (v^,w^) + 



^wi,v2)-(vi,v2) 



We define a one parameter subgroup A : C* — Gw by 

A(t) = idvyi ©tidvya G G\y^ X G\Y'2 C Gw- 



Lemma 3.2. The fixed point set of \{C*) in OJl(v, w) is isomorphic to Llvi+v2=v 3?l(v^, w-*^) x 
fm(v2,w2). 

Proof. A point [B, i,j] G 2t(v, w) is fixed by A(C*) if and only if there exists a one parameter 
subgroup p: C* ^ Gy such that 

X{t)*{B,z,j)=p{t)-'-{B,t,j). 

Let (resp. V"^) be the eigenspace of V with eigenvalue 1 (resp. t). Let V be the sum of 
other eigenspaces. The above equation imphes that 
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(1) B{V^) c V\ B{V^) c B{V') C V, 

(2) i{W^) c V\ iiW^) C V\ 

(3) j{V') C W\ j{V^) C j{V') = 0. 

The stability condition implies that V = 0. Thus we have V = V'^ (B V"^, and [B,i,j] 
decomposes into a sum [B^,i^,j^] G 2)T(v\w^) and [B'^ , i"^ , j'^] G OJl(v^,w^), where = 
dimV^^, = dimV^^. 

Conversely {[B^,i^,j^], [B^,P,j'^]) G OJt(v\w^) x 9Jl(v^,w^) defines a fixed point. Thus we 
have a surjective morphism 

vi+v2=v 

By the freeness of the Gy-action on fi~^{OY, this is injective. 

Let us identify the tangent bundle of 07l(v,w) with Kerrf/x/Imt in 
the fixed point set 07l(v^,w^) x 9Jl(v^,w^) decomposes as 

(KerV/Im^^) © (Kerci/iVlmi^) © (Ker/J^i/Ima^^) © (Ker/5^Vlma^^) , 

where l^, djuP are as in (p.8|) with 9Jl(v,w) replaced by 9Jt(vP, w^) (p = 1,2), a^^, are as 
above, and a^^, are defined by exchanging the role of V^, and V'^, W'^. We let A(C*) 
acts on (resp. V"^) with weight (resp. 1). Then this identification respects the A(C*)- 
action. Thus the tangent space of the fixed point component, which is the 0-weight space of 
the whole tangent space, is identified with (Kerrf/x^/ Imt^) © (Ker (i/i^/ Imt^). It is isomorphic 
to the tangent space of 9Jl(v^, w^) x 3Jt(v^, w^). Therefore the map is isomorphism. □ 

We move all v, v^, v^. We get 

!m(w^) X !H(w2) ^ m{wf^^'\ 
There natural R{Gw^ x Gw"^ x C*)-homomorphism 

(3.3) m-. K^wi^^'(m{v\w^)) ©R(c*) K^>^2^^*(^m(v^ w^)) 3 {e,f) 

I — ^ EMF e K^^' ""^w^ xc* (ojt(v\ w^) X aJl(v2, w^)) 

and a similar homomorphisms for £(v^,w^) and £(v^, w^). We call them Kiinneth homomor- 
phisms. 

Theorem 3.4. The two Kiinneth homomorphisms are isomorphisms. If A is an ahelian re- 
ductive subgroup of Gwi x Giv2 x C*, the same holds for the fixed point set 9Jl(v^, w-*^)^ x 

Proof. In 1^2], §7], the following was shown: varieties OJt(v,w), £(v,w) and fixed point sets 
have a-partitions (see [loc. cit., 7.1] for definition) such that each piece is an affine space bundle 
over a nonsingular projective manifold, which is a locally equivariant vector bundle. Moreover, 
each base manifold has a decomposable diagonal class as in [loc. cit., 7.2.1]. 

Note that Kiinneth homomorphisms are defined for arbitary varieties, and have obvious 
functorial properties. By the arguments in [loc. cit., §7.1], it is enough to show that the 
Kiinneth homomorphism is an isomorphism for each base manifold. By the proof of [loc. cit., 
7.2.1], each base manifold has this property. □ 



2.S). Its restriction to 
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Let us define subsets of OJl(w) by 

[B, i, j] e 9Jl(w) lim X{t) * [B, i, j] exists 



3 = 3(wV^) =■ 



[B,i,j] e m{w) limA(t) * [B,i,j] e £(wi) x £(w^ 



We use the symbol 3(w^;w^), 3(w^;w^) when we want to emphasize the dimensions. These 
subsets are invariant under the action of Gw^ x Gw^ x C*. 

Since vr: DJl{w) 9Jto(w) is a projective morphism, the following is clear. 



Lemma 3.5. We have 



[B,i,j] eTl{w) lim X{t) * n{[B,i,j]) exists 



[B,t,j] e 9Jl(w) limA(t) * n{[B,t,j]) = . 



In particular, 3, 3 are it -saturated, i.e., n ^(7r(3)) = 3; tt ^(7r(3)) = 3- 



Lemma 3.6. 3 and ^ are closed subvarieties ofDJl{w). 

Proof. It is enough to show that 7r(3) is a closed subvariety of 9Jlo(oo,w). By |^ 1.3] the 
coordinate ring nJto(v,w) (the ring of Gy-invariant polynomials in /i^^(O) C M.{V,W)) is 
generated by the following two types of functions: 

(a) tT{Bhj^Bhr^_-^ ■■■Bh^: Kut(hi) Kut(hi)), where /ii, . . . , /liv is a cycle in our graph, i.e., 
in(/ii) = out(/i2), in(/i2) = out(/i3), . . . , in(/iAr_i) = o\xt{hj^), in(/iAr) = out(/ii). 

(b) xijm(hN)Bhj^Bhj^__^ ■ ■ ■ Bh^iout(hi)), where hi, . . . , h^ is a path in our graph, i.e., in(/ii) = 
out(/i2), in(/i2) = outi^h^), . . . , in(/iAr_i) = out(/iAr), and x is a linear form on 
}iora{Woutihi),Win(hN)). 

Functions of the first type are invariant under the A(C*)-action. Functions of the second type 
are of weight 1, —1, if x is the extension (by 0) of a linear form of B.om{W^^^(^^^y W^^^^^-^), 
Hom«^,(,^), YLomiW^^,^,^^, W^^^,^^) © iiom{W^^,^,^^,W^^^,J respectively. 

Thus [B,i,j] e aJlo(v, w) is contained in 7r(3) if and only if jin{hN)Bhj^Bhj^^^ ■ ■ ■ Bhjoutih^) 
maps W^out{/ii) i^^^ ^hi{h,^) ^'^^ path hi, . . . , hjy. Similarly [B, i,j] G 3Jto(v, w) is contained 
in 7r(3) if and only if functions of the first type vanishes, and jin{/ijv)-B/i^i?/i^_^ ■ ■ ■ -Bhi«out(/ii) 
maps W^^^f^f^^-j into 0, and W^^^^f^^-^ to W^^^^^^-^ for any path hi, ... , h^. Now the assertions are 
clear from these descriptions. □ 

The hmit lim^^o ^{t) * [B, i,j] must be contained in the fixed point set dJKw)'^^^*^ if it exists. 
Thus we have the decomposition 



3(wi;w2)= y 3(v\wi;v2,w2), 

where 3(v\ w^; v^, w^) =' I limA(t) * [B,i,j] E mt(v\ w^) x m{v^,w^)^ . 

Similarly we have 3(w^; w^) = |J^i ^2 3(v^, w^; v^, w^) defined exactly in the same way. These 
are the Bialynicki-Birula decomposition of 3, 3- Thus we have 
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Proposition 3.7. (1) 3(v^, w^; v^, w^), 3(v^, w^; v^, w^) are nonsingular locally closed sub- 
varieties of 9Jl(v^ + v^, + w^) . 

(2) The map 

3(v\wV^w2) 3 [B,t,j] ^ jimA(t) * [B,i,j] G m{v\w^) x ^^(v^w^) 

identifies 3(v^, w^; v^, w^) with a fiber bundle overdJtlv^, w^) x!H(v^, w^), where the fiber over 
{[B^ ,i^ , j^], is isomorphic to the affine space given by the direct sum of eigenspaces 

with positive weights in the tangent space T([Bi_ji j1]jb2 j2 j2])9Jl(v^ + v^,w^ + w^). Similarly 

the map w^; v^, w^) —>■ £,{\'^,w^) x £(v^, w^) is a fiber bundle with the same fiber. Both 
fiber bundles are locally Gw^ x Gw^ x C*-equivariant vector bundles. 

(3) There exists an ordering < on the set {(v^, v^) | v-*^ + = v} {the set of components of 
0}t(v,w)^(^*)) such that 

U 3(v^w^v^w^), (resp. [j 3(v^w^v^w^ 

(vi,v2)<(vl,v2) \ (vi,v2)<(vi,v§) 

are closed subvarieties of ^ {resp. 3) for any fixed (vq, Vq). 



See [|32| , 7.2.5]. (The assumption on the properness of the moment map, which does not hold 



in the present case, was used to ensure that the whole space X is a union of +-attracting sets.) 

Remark 3.8. In fact, the order < in (3) can be described explicitly. If / is the moment map, 
then 

(vi,v2) < (v'i,v'2) =^ f{m{Y\w^) X m{v^,w^)) > f{m{V\w') x m{V^,w^)). 

With the Kahler metric in [^], we have 

/(9Jl(v\wi) X 9Jl(v^w2)) = ^Cf^dimVf , 

where G ]R>o {k G /) are parameter for the Kahler metric. The ordering < is independent 
of the metric, so we can move the parameters. Therefore we may assume (v^, v^) < (v'^, v'^) 
if and only if dimV^^ > dimV^'^ for all k E I. In particular, (0,v) is a minimal element if 
971(0, w^) X OJl(v, w^) is nonempty. Thus 3(0, w^; v, w^) and 3(0, w^; v, w^) are (nonsingular) 



closed subvarieties. These are analogue of 3i, 3i in IMl) 7.10], and will play an important role 
later. 

Proposition p.7| has the following corollary. 



Theorem 3.9. (1) Both 3 and"^ satisfy the properties {S) and {Tg^,^xg^^,2x'C*) ■ {See |32|, §7.1] 
for the definition.) 

(2) We have an exact sequence 

where 3<(vi,v2) U(vi,v2)<(vi,v2) 3(v\ w'^; v^, w"^). The same holds if we replace 3 by 3- 

(3) The direct image maps 

{induced by the the inclusions ii(w) C 3 C 3 C 9Jl(w)) are injective. All four modules are free 
of the same rank. 
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Proof. (Compare 6.17].) (1)(2) The assertion follows from Proposition |3.7| and results in 

(3) We replace the group Gyyi x x C* by its maximal torus H^i x H^2 x C*. If we tensor 
the fraction field of R{Ht^i x Ht^2 x C*) to the above homorphisms, it becomes isomorphisms 
by since the H^i x Ht^2 x C*-fixed points are the same on all four varieties. Then the 
assertion for the torus follows from the freeness ((1) and 7.3.5]) of modules. Taking the 
Weyl group invariant part, we get the assertion. □ 

Let 3(w^; w^), 3(w^; w^) denote the varieties exactly as above except that the role of and 
are exchanged. By the description in the proof of Lemma |3.6| , the intersection 3(w^; w^) fl 
3(w^;w^) is equal to ii(w). In particular, we can define a bilinear pairing by 

(3.10) ir^M.ixGw2xC* ^3(^2.^1)) ^ ^G^.ixG^2xC*^3(^1.^2)) ^ p,^ 

^ P*iF ®^(^) F') e R{Gw^ X Gw^ X C*), 
where p: ii(w) point is the projection to the point. A pairing 

(3.11) i^*(3(w2; wi), Z) X i/,(3(wi; w^), Z) ^ Z 
can be defined in a similar way. 

Theorem 3.12. Pairings ( p.lO|) , (|3.11| ) are nondegenerate. 
The proof is the same as that in ||32|, §7]. 

We need more precise description of the projection 3(v^, w^; v^, w^) 9Jl(v^, w^) x5[)T(v^, w^) 
later. By the description of the tangent bundle in the proof of Lemma |3.2| , the fiber of the 
projection is isomorphic to Ker/5^^/Ima^^, the cohomology of the complex ( |3.1| ). 

Fix representatives {B^,i^,j^), {B'^,i'^,j^) of a point in 3Jt(v\w^) x 3Jt(v^,w^). We take 
(C, /, J) e Ker We define a data {B, i,j) in M{V, W) so that its components in M{V\ W^), 
M{V'^,W'^), E{V\V'^)®L{W\V^)®L{V\W'^) are given by {B\i\j^), (E^z^j^), (C, /, J) 
respectively. Then it satisfies eBB + ij = 0. We claim that {B,i,j) is stable: Suppose that 
S is contained in Ker j and invariant under B. Under the projection V'^ (B V"^ ^ , the sub- 
space S define a subspace 5^ C V-^ which is contained in Kerj^ and invariant under B^. By 
the stability condition for {B^ , j^), we have 5"^ = 0. Therefore S C V^. Now the stability 
condition for (i?^,i^,j^) implies that S = 0. Thus we have a morphism Ker/5^^ fi~^{OY. If 
{G,I,J) — {G',I',J') G Ima^^, corresponding two data are in the same Gy-orbit. Thus we 
have a morphism Ker Ima^^ — > 3(v^, w^; v^, w^). (The left hand side is the total space 
of the vector bundle.) 

Proposition 3.13. The morphism 



Ker/52Vlma2i^3(v\w2;v2 



w 



is an isomorphism. 

Proof. The morphism is equivariant under the A(C*)-action. Thus it is enough to check the 
assertion in a neighbourhood of 9Jl(v^, w^) x97l(v^, w^). The tangent bundles of these varieties, 
restricted to 9Jt(v^, w^) x 3Jt(v^,w^), are both given by 

(Ker /J^i/ Im a^^) © T (9Jl(v\ w^) x 9}t(v^ w^)) , 

and the differential of the morphism is the identity. Hence we have the assertion. □ 
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We also have an isomorphism 

Ker/3^7lnia^^|£(vi,w2)x£(v2,w) 3(v\ w^; w^), 
where the left hand side is the total space of the restriction of the vector bundle. 

Proposition 3.14. (1) The set of irreducible components of ^ is naturally identified with the 
sets of irreducible components o/ii(w^) x ii(w^). 

(2) 3^-5 lagrangian subvariety o/9Jl(w). More precisely, 3 H OJt(v, w) is a lagrangian 
suhvariety o/9Jl(v,w) for each v. 

Proof. Recall that 3 H OJt(v, w) is a finite union IJvi+v2=v 3(v\ w^; v^, w^). Hence both asser- 
tions will follow if we show that 3(v^, w^; v^, w^) is a lagrangian subvariety. 

Letp: 3(v\ w^; v^, w^) — > i2(v\ w^) x £(v^, w^) be the projection in Proposition [3171(2). By- 
Proposition |3.13| , we have the following exact sequence of vector bundles over 3(v^, w^; v^, w^): 



O^p* (Ker/J^Vlma'i) T3(v\ w^; v^ w^) ^ p* {T^{y\w^) ®TZ{w\w^)) ^0. 

(More precisely, we must restrict to the inverse image of the nonsingular locus of il(v^, w^) x 
£(v^, w^).) By the definition of Ker/?^^/ Ima^^, we have 

u (p* (Ker (3^^/ Im a"^) , T3(v\ w^; v^, w^)) = 0, 

and the induced bilinear form on p* (Ti2(v^,w^) © Tii(v^, w^)) coincides with one induced 
from the symplectic form on 9Jt(v^, w^) xOJt(v^, w^). Since £(v^, w^), £(v^,w^) are lagrangian, 
the latter vanishes. ^ 

It is also clear that the dimension of 3(v^, w^; v^, w^) is half of that of 9Jl(v, w). Just note 
that Ker/3^^/ Ima^^ and Ker/5^^/ Ima^^ are dual to each other with respect to the symplectic 
form. □ 



Remark 3.15. By [|T^, 07l(v, w) can be identified with a framed moduli space of holomorphic 
vector bundles on an ALE space, when the graph of type ADE, where v, w correspond to the 
Chern class and the framing. We have the following geometric description: 

3(v^, w"*^; v^, w^) = {an exact sequence ^ E'^ ^ E ^ 0}, 

where E-^ (resp. E'^) has the Chern class and the framing corresponding to v^, (resp. v^, w^). 
Here the exact sequence is suppose to respect the framing. The inclusion 3(v^, w^; v^, w^) —>■ 
2Jl(v,w) is {0 ^ E^ ^ E ^ E^ ^ 0) ^ E, and the projection 3(v\ w^; v^, w^) 
m{v\w^) X 9Jl(v2,w2) is {0 ^ E"^ ^ E ^ E^ ^ 0) ^ {E\E^). The fiber over {E\E^) 
is the extension group Ext^ (E"^ , E^) (for the framed vector bundle). This is nothing but 
Ker Im a^^. The duality between Ker /?^^/ Ima^^ and Ker Im is nothing but the 
Serre duality Ext^ {E'^ , E^)* = Ext^ (E^ , E'^) , where the canonical bundle of the ALE space is 
trivial. 

4. Crystal structure 

Let Irr3 be the set of irreducible components of 3- It is a disjoint union of irreducible 
components of 3 H 071 (v, w) for various v. 
We define wt : Irr 3 ^ -P by setting 

wt(X) = w — V 
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if X is an irreducible component of 3 H 9?t(v, w). 

Let X be an irreducible component of 3- Taking a generic element [B,i,j] G X, we define 

ek{X) dim {Vk/ Imr^) . 

It defines a function Sk- Irr3 Z>o- We define ipk'- Irr3 — > Z>o by 

ipk{X)=ek{X) + {hk,wt{X)). 
We set wtA;(X) = (/ijt, wt(X)) as before. We have 

dim(Kerrfc/lmo-fc) = ^k{X). 
Suppose 6k{X) > and wtX = w — v. Then we have Grassmann bundles 

p: 9Jlfc;e^(x)(v, w) Tlk;o(y - ek{X)ak,w), 
p': Mk;ek{x)-i{^ - ttfc, w) OKfc;o(v - ek{X)ak,w). 
We define an irreducible component of 3 H 9Jt(v — ctfc, w) by 

def. 



X'°:i^-p'-i(p(Xn9Jlfc;,,(x)(v,w)). 
In fact, 

(1) Since n factors through p, p'~^{p{X fl Tlk-ekix)(y, w)) is contained in 3 by Lemma |375 . 

(2) We have dimj9'-^(p(X n 9Jlfc;e,(x)(v, w)) = |dimnjt(v - a^, w) by (|23|). 

Thus X' is an irreducible component of 3 H 9Jl(v — a/^, w). We define an operator : Irr 3 — * 
Irr3 U {0} by 

(4.1) e.W-4'.|f 'f^'W>°. 

I U otherwise. 

Similarly if ipk{X) > 0, we consider a Grassmann bundle 

p": Tlk-ek{x)+i{'v + tt/k, w) ^ 9Jlfc;o(v - w), 

and define 



X" p"-\p{x nmk.,e,ix){^,w)). 

(Note that (5a:(v — 6k{X)ak, w) is a vector bundle of rank wtfc(X) + 2ek{X) = 6k{X) + (pki^)- 
So the Grassmann bundle p" is nonempty by the assumption ipk{X) > 0.) We define an 
operator fk : Irr 3 ^ Irr 3 U {0} by 

(4.2) A(X)S ^'" 't^'W>°. 

10 otherwise. 

Then the following is clear. 
Proposition 4.3. Irr 3 together with wt, Sk, ^Pk, Gk, fk is a normal crystal. 

Lemma 4.4. Irr 3 is generated by the subset {X \ 6k{X) = for all k & 1} as a crystal. 

Proof. If EkiiX) > for some ki, then we have X = fki^k^iX)- If ^^^(^feil^)) > 0; then X = 
/fc2/fci (cfcaefciX). We continue this procedure successively. Since the total sum ^j^jdimV^ of 
dimensions decreases under this, it will eventually stop at e^^ ■ ■ ■ Cfc^X with £^(6^^ ■ ■ ■ Cfc^X) = 
for all kel. □ 
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Let Irr£(w) be the set of irreducible components of ii(w). It is a disjoint union of the set 
of irreducible components of i2(v, w) for various v. Since £(v, w) C 3 H nJt(v, w) and both 
have dimension = ^ dim9Jl(v, w), we have an inclusion 

Irri2(w) C Irr3- 

We restrict the maps wt, Sk, <^k to Irril(w). Moreover, it is clear that if X G Irr£(w) and 
efc(X) ^ (resp. fk{X) ^ 0), then efc(X) e Irr£(w) (resp. /^(X) G Irri:(w)). Thus Irri:(w) 
inherits the structure of the crystal from that of Irr 3- In fact, this crystal structure on Irr £(w) 
was introduced in [|30[, and our definition here is a straightforward modification. The crystal 
structure in [loc. cit.] was motivated by a similar construction by Lusztig ||T9| . 

Note that 271(0, w) consists of a single point. So £(0, w) = 3(wi; w^) n 971(0, w) = 971(0, w). 
Let [0]w denote this point considered as an irreducible component of il(w). 

Proposition 4.5. Irrii(w) is a highest weight normal crystal, whieh is the strictly embedded 
crystal o/Irr3 generated by [0]w 

Proof. By Lemma H]l Irril(w) is generated by {X G Irril(w) | ^^(X) = for all k}. But this 
set consists of the single element [0]w as shown in the proof of 7.2]. □ 



By Proposition |3.14| , we have a natural bijection between sets 

Irr£(w^) X In £.{w^) ^ Irr 3- 

Hereafter these two sets are identified and their element is denoted by X^ (g) X^ for X^ G 
Irr£(wi), X2 G Irr£(w2). We have 

wt(Xi ® X^) = w - V = - + - = wt(X^) + wt(X2), 

if X^ (resp. X^) is an irreducible component of £(v^,w^) (resp. £(v^,w^)). Thus we have 

(Pi). 

The following is one of the main results in this article. 
Theorem 4.6. The crystal Irr 3 is isomorphic to Irrii(w^) ® Irr £(w^) as a crystal. 



Together with Proposition this theorem implies that {Irrii(w) | w G P^} is a closed 
family of highest weight normal crystals. By Proposition |1.14| we have 

Corollary 4.7. Irri2(w) is isomorphic to B{w) as a crystal for any w G P~^ . 



The proof of Theorem [4.6| occupies the rest of this section. A completely different proof of 
Corollary |4.7] will be given in §^ 

Let X^ C?> X^ G Irr 3- Take a generic element [B, i, j] in X^ (g) X^. By Proposition |3.13| there 
exists a direct sum decomposition V = (B such that 

(a) V'^ is invariant under B and satisfies jiW^) C V'^, '^(^^) C W'^. 

(b) The data obtained by the restriction of [B,i,j] to V^, (well-defined thanks to (a)) 
is contained in X^. 

(c) The data induced on = V/V^, = W/W^ from [B,i,j] (well-defined thanks to 
(a)) is contained in X^. 
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In particular, the homomorphisms 0"^, decompose into the following three parts: 

h:in{h)=k h:'m(h)=k 



h:m(h)=k h:m(h)=k 

<^lV^^ et(h)©W^', rl: Vl,^^,)®Wl^Vl 

h:in{h)=k h:in(h)=k 

The equation Tk<7k = is equivalent to r^al = 0, r|(T^ = 0, r^^crl + r^crl^ = 0. In 
particular, induces a homomorphism 0/i.in(/j)=fc V'out(/j) © W^^/I^^'^fc ~^ ^k /'^'^^k- Let 
: Ker / Im o"^ ^ V"^^/ Im r| be its restriction. 
The inclusion C V";3 © induces a homomorphism 

Kerr^/Imcr^ — Ker Tfc/ImcTfc. 

The projection © — > induces a homomorphism 

Ker Tk/ Im afc — > Ker . 

Combining these, we have a three-term sequence of vector bundles: 

(4.8) ^ Ker r^/ Im Ker r^/ Im cta, -> Ker ^ ^ 0. 



Lemma 4.9. ( [4.8|) zs an exact sequence. [This holds any not necessarily generic. 



Proof. By the definition, it is clear that the composite of homomorphisms is 0. The exactness 
at the middle and the right terms are clear. We now prove the exactness at the left term. 

Suppose that x G Ker r|, considered as an element of {®h-m{h)=k Kiut(fe) ® ^fc) ® -^^^ ''"fc ' 
equal to auiy) for some y = Qy"^ ® V^. Since we have cr^(|/^) = 0, the injectivity of a\ 
imphes that y^ = 0. Then ak{y) = x implies that Ckiif^) = x. Thus we get the exactness. □ 

Lemma 4.10. Suppose ek{X^ © X^) = 0. Then 

(1) ek{X^) = 0, dim Ker ^ = wtk{X^) - £fc(X2). In particular, wtk{X^) > SkiX"^). 

(2) We have 



mx'®x') 



fix' © X2 tfr< wtfc(Xi) - SkiX^), 

jwt,(x^)-.,(x^)^i ® J-wt,(x^)+.,(x^)^2 otherw^se. 



Proof. (1) By the assumption, is surjective. It is true if and only if the following two 
statements hold: 

(a) rl is surjective, 

(b) Ker rl © V^l,^^-^ © ''-^ > is surjective. 

h:in{h)=k 

Then the second statement is equivalent to 
(b') The homomorphism r^^ is surjective. 
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By (a) we have ek{X^) = 0. Therefore dim Ker r^J / Im cr^ = ipk{X^) = wtfe(X^). By (b') we 
have dimKerTf" = wtk{X^) - ek{X^). 

(2) A subspace 5* of Ker Tfc / Im (Xfc defines subspaces of Kerr|^ and 5*^ of Kerr|/Imcr^ 
with an exact sequence — >• 5^ ^ 5* — > 5*^ — > 0. For a generic 5*, we have 

dim 5*^ = min(dim S, dim Ker r^^), 

dimS"^ = max(0, dim S — dim Ker 

Therefore we have the assertion. □ 



Now Theorem [4.6| follows from the following elementary lemma. 

Lemma 4.11. LetBi, B2 he normal crystals. Suppose that BiX B2 has a structure of a normal 
crystal such that 

(a) (|1.9a|) holds for any 61 ® 62 ■ 

(b) 062) = 0, then we have ([ObP , ([Odp and 

7r(. \ - Ifkbi^h «/r < wtfe(6i) -£^(62), 

hibi ® &2j - j ^ Jr-wt,(.o+..(fe)^^ otherwise. 

{We denote (61,62) by hi ® 62-) Then the crystal structure coincides with that of the tensor 
product. 

Proof. Take 61 ® 62 ^ -Si x B2 with ek{hi ® h2) = r . Then we have 61 ® 62 = fli^'i ® h'2) for 
some h'l ® h'2 & Bi x B2. We have ek(h'i ® h'2) = 0. Hence the condition (b) implies 



hi 



2>i 



fjh'i if r <wtfc(6'i)-£fc(6'2 

^wt,(6i)-.,(6^,)^, otherwise, 

'h'2 iir<wtk{h'i)-ek{h'2), 
~._„t,(.i)+.,(x-)^, otherwise. 

First consider the case r < wtfc(6'^) — £^(62)- Then we have 

Skihi) = r, £^(62) = ekih'2), 

(4.12) Ckihi ® 62) = 7r'(^'i ® ^2) = 7r'^i ® ^2 = efcfei ® 62, 
7fc(&i ® h2) = Jl-^\h'^ ® h'2) = Jl^% ® h'2 = fkhi 62. 

The first two inequalities give us 

(4.13) ekih2) - wtfe(6i) = £^(6^) - wtfe(6;) + 2r < r = ^^(fei), 

where we have used the assumption in the inequality. Thus we have checked ( p..9b|) , (|1.9d|) , (|1.9e| ) 
in this case. 

Next consider the case r = wtk{h'i) — £^(62)- We have ( [4.12|) except that the last line is 
replaced by 

fkihi ® 62) = 7r'(&'i ® h'2) = m ® 7&2 = hi® hh2. 

The inequality ( [4.13|) is replaced by 

£k{h2) - wtfe(6i) = Ekihi). 
We also have (|T:g^),(|OB|),( [OeD in this case. 
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Finally consider the case r > wtk{b[) — £fc(&2)- Then we have 

£k{bi) = wtfe(6'J - Ekib'^), ek{h2) = r- wtk{b[) + 2ek{h'^), 
ekipi ® 62) = Jl'\h\ (g) 62) = 61 ® 6^62, 
fkih ® &2) = /r'(&'i ® &2) = &i ® 

We have 

eM - wtfe(6i) = r - wtfe(6;) + 25^(6^) - wtfc(6;) + 2 (wtfc(6;) - £fc(6'2)) 

= r > wtk{b[) - Ckib'^) = £kibi), 

where we have used the assumption in the inequality. Thus we have (|1.9bD , (|1.9d| ),( |1.9^ in this 
case. 

We have checked (|1 . 9b| ) , ( |L9d| ) , ( |1 . 9e|) in all cases, and (|1.9cD follows from ipk{bi ® 62) = 

£fc(&l ®&2) +Wtfc(6i ® 62). □ 

Remark 4.14. The rule ( p..9b|) is equivalent to that r^^ is full rank, i.e., 

rankr|^ = max (dim(Ker r^/ Imo"^), dim(\4^/ Imr^)) . 

Remark 4.15. Saito |^ proved Corollary [4. 7| using the main result of On the other hand, 
one can show the main result of |jl6| from Corollary |4.7| . The detail is left for the reader. 

5. 0-MODULE STRUCTURE 

Let Z{w) *^=' Wl{w) Xg;»to(oo,w) ^{^) ■ Let iftop(^(w), Q) be the top degree part of the 
Borel- Moore homology group of Z(w). More precisely, it is the subspace 
/ 

]^-f^dimcOT(v',w)xOT(v,w)(^(w) n aK(v', w) X Tl{v,w),Q), 
v,v' 

of the direct products consisting elements (F^y) such that 

(1) for fixed v, F^y = for all but finitely many choices of v', 

(2) for fixed v', -Fv^v' = for all but finitely many choices of v. 

By the convolution product (see [^, §8]), it is an associative algebra with 1 = X]v[^('^' '^)]- 
Let uj : OJl(v', w) x 97l(v, w) 9?t(v, w) x 9Jl(v', w) be the fiip of the components. By a main 
result of [pni §9], the assignment 



P*9/i^5^(/i,w-v)[A(v,w)] 

V 

e, ^ 5^[q3,(v, w)], /, ^ ^±[,;(^,(v', w))] 

V V 

defines an algebra homomorphism 

U(0)^iJtop(^(w),Q). 

Here the sign ± can be explicitly given by v, w. But its explicit form is not important for our 
purpose. (In the direct sum was used, and U(g) was replaced by the modified enveloping 
algebra.) 

Let iftop('2(w), Q), -fftop(3,Q) be the top degree part of the Borel-Moore homology group 
of ii(w), 3, where 'the top degree part' means, as above, the complex dimension of OJl(v, w). 
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(The sum is the usual direct sum.) The fundamental classes of irreducible components of 
£(w) (resp. 3) give a basis of iftop('2(w), Q) (resp. iftop(3,Q))- An irreducible component 
and its fundamental class is identified hereafter. Recall that the inclusion £(w) C 3 induces 
an inclusion Irri2(w) C Irr3- Hence we have an injection 

(5.1) iftop(i:(w),Q)^iJtop(3,Q). 



Since £(w) and 3 are vr-saturated (Lemma p. 51) , the convolution makes i7top('C(w), Q) and 
-f^top(3,Q) into i7top('Z^(w), Q)-modules. Moreover, ( p.l| ) is a morphism of Htop{Z{w),Q)- 
modules. Hence they can be considered as g-modules. By 10.2], iftop('£(w), Q) is the 
simple g-module with highest weight w. The highest weight vector is the fundamental class 
[0]w of £(0, w) = 071(0, w) = point. 

Theorem 5.2. i/top(3,Q) 'is isomorphic to ^(w-'^) C?) y(w^) as a g-module. 

Proof. By the argument in fS^, 9.3], the module i?top(3, Q) is integrable. Since the category of 
integrable g-modules is completely reducible, it is enough to show that characters of -fftop(3, Q), 
and V^(w^) V"(w^) are equal. By the definition of h, we have 

hX={h,wtX)X forXeIrr3. 

Namely the weight of X as crystal is the same as the weight defined by the g-module structure. 
Thus Theorem ^]6| and Corollary |4.7| imply the equality of the character. 

In fact, we do not need the full power of Theorem [4.6| . We only need two things: (1) 
there exists an isomorphism of sets Irr3 — Irr£(w^) x Irr£(w^) satisfying wt(X^ ® X"^) = 
wt(X^) +wt(X2), and (2) i7top(£(wP), C) is isomorphic to V{wP) {p = 1,2). Thus our proof 
follows from Proposition p.l4| (l) and |3^. □ 

This theorem is abstract. It is desirable to have a concrete construction of the isomorphism. 
For example, the isomorphism can be made so that the injective homorphism ( ^.1|) is identified 
with a homomorphism V{w^ + w^) V(w^) ® V^(w^), sending few^+w^ to b^i (8> b^2, where 
6a is the highest weight vector of V{X). However this condition does not characterize the 
isomorphism. In the rest of this section, we study -fftop(3,Q) further for this desire. 

Recall that 3(0,w^;v,w^) is a (possibly empty) closed subvariety of 3 H njt(v, w) (Re- 
mark p.8| ). By Proposition |3.13| , it is a vector bundle over il(0,w^) x il(v, w^) = £(v,w^). 
Let 3i(v) 3(0,w>,w2), 3^(^) 3(o,w>,w2), 3^ 4£f. □^3^(v), and 3i =' Uv3i(v). 

Lemma 5.3. Let ^^"■'(v, w) denote the intersection o/^[,"''(v, w) and 9Jl(v — na^., w) x3i(v) 
{as suhmanifolds ofDJl{'v — nak, w) x OJl(v, w)). Let p {resp. p') denote the projection 3i(v) 
9Jl(v, w) {resp. 3i(v — nak) 2)t(v — nau, w)). 

(1) *p^"''(v, w) is contained in 3i(v — nak) x 3i(v) 

(2) The restriction o/id xp: 3i(v — nak) x 3i(v) ^ 3i(v — nau) x OJl(v, w^) to ^["^(v, w) 
gives an isomorphism 

$(-)(v, w) ^ {p' X id)-^(^l")(v, w^)) = L(W^\Ol<p(")(.,^.), 

where *P^"'''(v, w^) is the Hecke correspondence in 9Jl(v — raafc, w^) x 9Jt(v,w^), and V is the 
pull-back of the tautological vector bundle of the first factor o/9Jl(v — nak, w) x 9Jl(v, w). 

(3) The intersection is transverse. 
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Proof. By Proposition |3.13| , 3i(v) is the total space of the vector bundle L(iy^,\^) over 
an(0,wi) X 0Jl(v,w2) (use = 0,V^ = V). Then 

$i")(v,w) = L(iy\\/')l>p(")(v,w^), 

where the right hand side is the total space of the restriction of the vector bundle L(W^, V). 
Since 3i(v — nak) is the total space of L(iy^, V), the statements (1) and (2) are clear. 

Let us describe the tangent bundles of submanifolds on the intersection. From now, restric- 
tions or pull-backs of vector bundles are denoted by the same notation as original bundles. 
The tangent bundle of 97l(v — na^, w) x OJl(v, w) appears in an exact sequence 

^ L{V', W^) © L{W\ V) © L{V, W') © L{W\ V) 

Tm{v - nak, w) © Tm{v, w) ^ T9Jt(v - nak, w^) © T9Jl(v, w^) 0. 
The tangent bundle of Tliy — nak, w) x 3i(v) appears as 

-> L{V', W^) © L{W\ V) © L{W\ V) 

TOJl(v - nak, w) © T3i(v) ^ T9Jl(v - nak, w^) © T9Jl(v, w^) ^ 0. 

The tangent bundle of *p^"^(v,w) appears as 

^ L{W\V') ®UV,W') ^ T^'i:'\Y,w) ^ T^P {^r,w^) ^ 0. 
Now the transversality is clear. □ 

Since 3i is a vector bundle over £(w^), we have the Thom isomorphism 
(5.4) HtoA^iw^), Q) = HtopOi, Q). 

Under this isomorphism Irr £(w^) 3 X is mapped to [0]wi © X G Irr3- 

Proposition 5.5. (1) As a Q-module, -f^top(3,Q) is generated by its subspace -fftop(3i, Q)- 

(2) The subspace -f^top(3i,Q) is invariant under the action o/U(g)^, and the Thom isomor- 
phism (|5.4|) is compatible with the \J{g)^ -module structures. 

Proof. (1) The proof of 0, 10.2] shows that i^top(3, Q) is generated by elements © e 
Irr 3 with ek{X^^X^) = for all k e L By Lemma [OOKl), we have ek{X^) = for all keL 
As we already used in the proof of Proposition |4.5j, this implies that X^ is the highest weight 
vector [0]wi- Hence © X^ is contained in -f:rtop(3i, Q)- 

(2) The first statement follows from Lemma |53(1), i.e., ^fc(w) n (9Jl(w) x 3i) = $fc(w) C 
3i X 3i- The rest of proof is based on the arguement in [0, §8]. Let i: 3i ^ 07l(w) be 
the inclusion. By the pull-back with support map with respect to idxi: OJl(w) x 3i — ^ 
m{w) X m{w) (H, 6.4]), we have 

i^top($fc(w),Q) i7top($fc(w),Q). 

By ||3^, 8.2.3] this map is compatible with the convolution product, that is, the following is a 
commutative diagram: 

i^top(?^fc(w),Q)©i7top(3i,Q) > i^top(3i,Q) 

(id xi)*&d 

i^top($fc(w),Q)©/7top(3i,Q) > i^top(3i,' 
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where the upper horizontal arrow is the convolution relative to 9Jl(w), and the lower hor- 
izontal arrow is the convolution relative to 3i- Furthermore, Lemma |5.3| (3) implies that 
(idxz)*[^,(w)] = [$fc(w)]. 

By Lemma p.3| (2), we have an isomorphism 

i^top(*.(w),Q) ^(^'x^^rr\^'x^K /7,„^(^,(w^),Q), 



where {p' x id)* is the Thom isomorphism. By ||3^, 8.3.5], it is compatible with the convolution 
product, that is, the following is commutative: 

Htop ( w) , Q) ® iftop (3i , Q) > Htop (3i , Q) 



((p'xid)*) '(id xp)*«)(p*)- 



^^top(^fe(w2),Q)®i7top(£(w2),Q) > iftop(ii(w2),Q), 

where the horizotal arrows are the convolution product relative to 3i and 9Jl(w^), and p* is 
the Thom isomorphism ( |5.4|) . Moreover we have {{p' x id)*)~^ (id xp)^[^fc(w)] = [*Pjfc(w^)] by 
Lemma p.3| (2). Combining two commutative diagrams, we get the assertion. □ 

Conjecture 5.6. There exists a unique g-module isomorphism 

H,,p{2{w'), Q) ® //top(i:(w2), Q) ^ /7top(3, Q) 

such that its restriction to [0]wi ® -f^top('2(w^), Q) is (|5.4|), composed with the inclusion 
-f^top(3i, Q) -f^top(3, Q)- (The uniqueness is clear from Proposition |0|(1).) 

The rest of this section is devoted to the proof of the conjecture when g is of type ADE. 
When Q is of type ADE, V{w^) contains the lowest weight vector ^^2, where is the weight 
of gin2. We denote by m'^lq] the corresponding element in Irrii(w^) C iJtop('C(w^), Q). For a 
later purpose, we denote by [0]wi o m^lq] the irreducible component of 3, corresponding to the 
tensor product of [0]^! and m^[q] under the identification Irr3 = Irrll(w^) ® Irr i2(w^). 

Lemma 5.7. For each k & I, we have 

(5.8a) e,-<'-'"'>+'([0]wio^2[g])=0, 

(5.8b) /f""'^^'([0]wio^2[g]) = 0, 

(5.8c) h ([0]wi o „2[g]) = {h,w' + ni^)[OU o ^^q]. 

Proof. The first equation follows from Proposition p.5K 2) and e^^'^*"™ m^iq] = (a well- 
known property of the lowest weight vector) . The last equation follows from Theorem [4.6| and 
the compatibility of weight structures for the crystal and the g-module. 

Let us show (|5.8b|) . Assume that the left hand side is nonzero. Then fp^^'^'=''^ ^^^^(w) 
intersects with P2^([0]wi ° maf^z]), where p2 - OJl(w) x 07l(w) — > 97l(w) is the second projection. 
Take a point [B, i,j] in the image under p2 of a point in the intersection and consider the exact 
sequence (4^). Then p2^{[B,i,j]) n fp^^'*'-'"^ ^^^''(w) is identified with the Grassmann variety 



of subspaces S in Kerrfc/ImcTfc with dimS* = (/ifc, w^) + 1 by 4.5] or [^, 5.4.3]. 



Since m^ is the lowest weight, we have fk m'^[q] = 0. Therefore, 

= V5fc(m2[g]) = dim {Kei rl/lmal) . 
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We must be careful with the second equahty since it holds only for a generic [B, i, j] in general. 
However, 9Jl(w^ — m^, w^) = £(w^ — m^, w^) = rn^[q\ is isomorphic to 3Jt(0,w^), which is a 
single point, as seen by the Weyl group symmetry |Q. So the equality holds for our [B.i.j]. 
Thus we have Kerrfc/ImcTfc = Kerr|^ by the exactness of ( |4.8| ). But 

dimKerr|^ < dim (Ker r^/ Ima^) = diml^;.^ = (/ifc,w^). 

So the Grassmann variety is empty. This contradiction comes from our assumption. Hence we 
have (|5:8bD . □ 



Theorem 5.9. There exists a unique Q-module isomorphism Htop{S.{w^),Q:)^Htop{^{'w^),Q) - 
-f^top(3,Q) sending [0]^i®tn'^[q] to [Oj^iOm^ [<?] • Moreover, its restriction to [0]wi<S)-f^top('2(w^), Q~ 
is ( ^.4|) , composed with the inclusion -fftop(3i7Q) -f^top(3,Q)- 

Proof. We identify i/topl-Clw^), Q) ® i7top(ii(w2), Q) with the tensor product V{w^) ® V{w^). 

By [|^, 23.3.6] the assignment 3 u ^ u{\Q\^i ® m2[Q']) is a surjective homomorphism 

U(0) ^ /7top(ii(wi), Q) ® H^,p{2{w^), Q) with kernel 



Therefore Lemma implies that U(g) 9 m i— > m([0]w1 o m^f?]) factors through a g-module 
homomorphism iftop(^(w^), Q) ® i/top('C(w2), Q) ^ /Jtop(3, Q) sending [0]^! ®„,2[g] to [0]^! o 
in2[^]- The uniqueness is clear. 

Since Htop{^{w'^),Q) = U(fl)+grn2, Proposition |5]^(2) implies 

i^top(3i,Q) = U(g)+([0]wio„2[g]). 

Together with Proposition |5.5| (1), we have the surjectivity of the homomorphism. 
Now we compare the dimensions of the domain and the target. We have 

dimiftop(i:(wi),Q) ® i^top(i:(w2),Q) = #Irr£(wi)#Irri:(w2) 

= #Irr3 = dimi7top(3,Q). 

Thus the surjective homomorphism must be an isomorphism. 

The second statement follows from Proposition |5.5|(2). □ 



6. Ug(L0)-MODULE STRUCTURE 

In this section, we assume is of type ADE. 

For p = 1, 2, let Hwp be a maximal torus of Gwp- Let H = H^i x H]y2, Hwp = Hhp x C*, 
H = H X C*. The representation ring R[C*) of C* is Z[g, where q is the class of 
the canonical 1-dimensional representation of C*. Considering if as a subgroup of Gw, we 
make H act on OJl(w). The action preserves 9Jt(w^) x OJt(w^), 3 and 3- Let K^{Z{w)) 
be the equivariant i^-homology group of Z{w). It is an associative R{H) = R{H)[q,q~'^]- 
algebra with unit under the convolution product. Let A denote the diagonal embedding 
9Jl(v,w) 9Jl(v,w) X mt(v,w). Let l: ^fc(v,w) ^ Z(w) n ajl(v', w) x 9Jl(v, w) denote the 
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inclusion. By the assignment 



V * V A-,/.(C'(v, 



V 

defines an algebra homomorphism 

Uj(L0) ^ ir^(Z(w))/ torsion. 



Here ±, ±' G {1, —1}, s, s' G Z can be given in terms of v, w, k as ||3^, 9.3.2], but their explicit 
forms are not important for our later discussion. Similarly C, C are line bundles whose explicit 
forms are not important. Those terms are independent of r. 

The convolution make K^{£.{w)), K^Q), K^O), i^^(9Jl(w)) into ir^(Z(w))/ torsion- 
modules. (Note all these are free.) Moreover, the inclusions in Theorem 3^(3) respect the 
module structure. Let [0]w be the class represented by the structure sheaf of 3Jt(0, w) = 
£(0,w) = point. By 12.3.2, 13.3.1], [0]w is an /-highest weight vector with Drinfeld 
polynomial Pk{u) = /\_uQ~^Wk, that is, 

efc,r[0]w = for any k E I , r E Z, 

i^^(£(w)) = (UJ(L0)- R{H)^ [0]w, 

This K^{£,{w)), more precisely, its Weyl group invariant part K'-'^^'^' {£,{w)), is the universal 



standard module M(w) mentioned in the introduction and § 1.3 



Let us take a closed subvariety 3i be as in We have the Thom isomorphism in the 
i^'-theory: 

(6.1) K^{2{w')) = K^{3i), 



where H\y^ acts trivially on ii(w^). By Theorem ^]9|(2) the inclusion 3i C 3 induces an 
injective i?(i7)-homomorphism 

(6.2) K^Oi) ^ K^O). 

The following can be proved exactly as in Proposition |5.5| . (For (1), we use |32, 12.3.2] instead 
of ||3y, 10.2]. And for (2), we must use *P^"''(w) corresponding to divided powers.) 

Proposition 6.3. (1) As a \J'^{'Lq) ®z[q,q-^ R{H)-module, -^'^(3) is generated by if^(3i)- 

(2) K^{^i) is invariant under the action ofUg^Lg)^, and the Thom isomorphism (|6.1| ) 
is compatible with the (hg)^ -module structures {up to shift Ck^r Gk,r+s (^nd invertible 
elements in R{H)). 
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Let m{H) be the fraction field of the R{H). If M is an i?(i7)-module, M (g)^(^) m{H) is 
denoted by M«h. By the localization theorem we have 



where * = Z(w), £(w), 3, 3, or OJt(w), ^■'^ denotes the fixed point set, and i denotes the 
inclusion 9Jl(w)^ x 9Jt(w)^ ajl(w) (if * = Z{w)) or 9Jl(w)^ ^ !m(w) (if * ^(w)). For 
Z{w), we replace i* by r = 1 Kl {/\_^N*)^^i* , where is the normal bundle of dJt{w)^ in 
9Jl(w) as in 5.11]. Then it is compatible with the convolution product, i.e., r is an algebra 
homomorphism, and the following is commutative: 



where * = £(w),3,3, or 9Jt(w), and the horizontal arrows are convolution relative to 2It(w) 

and respectively. Therefore K^{*^)y\ has a structure of a Ug(L0) ®Q{q) 9^(if)-module. 

On the other hand, {Z{w^))'>}i® {2.{w'^))'^ can be considered as a Ug(Lg) ®Q(q) ^{{H)- 
module by the comultiplication ( |1.2|) . The following lemma first appeared in 14.1.2]. 

Lemma 6.4. There exists a unique Ug(Lg) ®Q{q) ^{H) -module isomorphism 

sending [0]^i ® [0]^2 to [0]w 
Proof. We have (cf. fS^, 4.2.2]) 

(6.5) £{wf = 3^ = 3^ = OJt(w)-^ = Wl{wY X 9Jl(w2)^ = £(wi)^ x ^(w^)^. 

By the argument in ||3^, 14.1.2], this implies that K^{'5^)'^ = K^{'^)y{ is a simple Uq(Lg)( 
lH(if)-module. Its fcth Drinfeld polynomial is given by 



(Here Drinfeld polynomials have values in R{H).) It is equal to the product of the Drinfeld 
polynomials of {£,{w^))yx and -ft'^(i2(w^))(H. Therefore, it is a subquotient of the tensor 
product module 

X^(£(wi))^®^(^) K^iil{w'))n. 
(A well-known argument based on Lemma p..20| (l).) By the localization theorem, ( |6.5|) and the 



Kiinneth isomorphism (Theorem |3.4| ), we know that the dimensions of the both hand sides are 
equal. (See also the remark below.) Hence we have the unique Ug(L0)(S)Q(q)9^(if)-isomorphism 
$<H sending [0]wi <^ [0]w2 to [0]w □ 

Remark 6.6. The left hand side of ( |OD is isomorphic to {2.{w^)^)y^0^^^j^^ {S.{w^)^)<yx 
by the localization theorem. Combining it with ( |6.5|) and the Kiinneth isomorphism, we have 
an isomorphism (of 9^(iJ)-modules) between the left-hand side and the right-hand side. But 
it does not respect Ug(L0)-module structures. In fact, a computation in 7.4] implies that 
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the isomorphism respects Uq(L0)-module structures, if we endow the left hand side with a 
Uq(L0)-module structure given by Drinfeld's new comuhiphcation (after an exphcit twist). 
Thus our map should be given explicitly by factors of the universal i?-matrix as in [|1^. 
However, it will become difficult (at least for the author) to show the commutatibity of the 
diagram ( |6.9|) below, in the formula in [jl^. This is the reason why we do not use the explicit 
form of unlike . 



Let £(w 



1\H 



mt(w 



l\H 



□ 27l(p;wi) and £(w 



2\H 



2\H 



y , Tl{p'; w^) be decom- 



position into connected components. Then we have direct sum decomposition 

p p' 

By |3^, 13.4.5], these are /-weight space decomposition. Here /-weights are elements in 
m{H)[[z^]Y. Under DK{H) = DK{Hwi) ®q(<?) ^{Hw^), they have forms of / (g) 1 and 1 ® ^ 
respectively. Therefore, by Lemma [1.201 (1), 

(6.7) i^^(£(wi))^ ®^(^) i^^(£(w2))^ = K^mp; w'))y, 0^^^^ K^m{p'; w^))^ 

g. Therefore each 



p,p 



is the /-weight space decomposition. The /-weight is the form of / 
summand has distinct /-weights. 



Lemma 6.8. The following diagram is commutative: 



(0) 



(6.9) 



K^{il{^^)) ®«(|^) ir^(£(w2)) 



5'£R(H") 



K^(£(wi))5^ K^{Z{w^))^ 
where ^ is the inclusion 



i^^(£(w2)) 3E^ [0]wi ^Ee ir^(£(wi)) ir^(i:(w2)). 

Proof. Let m'^lq] be the class represented by the structure sheaf of 9Jl(w^ — m^, w^) = £(w^ — 
m^,w^) = point, as in the previous section (the lowest weight vector). We have fk,r m'^lg] = 
for any k E I , r & Tj. Consider the element T^,, of the Braid group corresponding to the longest 
element wq of the Weyl group (of q). It acts on [S.lw'^)) by [^, Part VI]. Since wqw = m^, 
maps [0]w2 to «m2[q'], where a is an invertible element in R{H). We have 



Combining this with Proposition |6.3| , we understand that it is enough to check the commuta- 
tivity of the diagram for the element m'^lq]. Let '([0]wi ® m2[i?]) be the image of m^[q] under 
the composition of ( |^ ) and (|6.1D. We want to show 



(6.10) 



'^'9^([0]wl ® m2[g]) = '([0]wi ® m2[g]). 



32 



HIRAKU NAKAJIMA 



In the /-weight space decomposition ( |6.7| ), both hand sides of (|6.1CI|) is contained in the 
summand 

Recall both 071(0, w^) and 07l(w^ — m^,w^) are a single point. Therefore the /-weight space 
is 1-dimensional. Thus (|6.1CI| ) holds up to a nonzero constant in y{{H). 



By H, 39.1.2], we have 



[0]w2 = aT^o m2 [q] = (^ei2lei2l ■ ■ ■ [q], 

where s^jS^j • • ■ Skj^ is a reduced expression of wq, and G Z>o is an explicitly computable 
natural number. By Lemma |1.20| (2) we have 

[0]wi ® [0]w^ = «e£)eg ■ ■ ■ ([0]^. ® ^.[g]) 

in K^{Sl{w^)) ir^(i:(w2)). Therefore, 

«4::i4:!i ■ ■ ■ ($^([o]wi ® [?])) = [o]w. 

On the other hand, by Proposition |6.3| (2) we have 

«4::i4:i--eS'([o]wi®„.^[g]) = [o]w. 

We have used the commutativity of the diagram for the element [0]w2, which is obvious from 
the definition. Therefore the constant must be 1. □ 

Theorem 6.11. induces an Ug(Lg) ^^q^q-i] R{H)-module isomorphism 

Proof. Since is generated by [0]wi, K^{2.{w^)) is generated by 

[0]wi ® K^{Sl{w^)). Therefore, K^{Sl{w^)) K^i^w^)) is mapped to Uj(L0)ir^(3i) 

under $5^. But it is equal to by Proposition |6.3|(1). □ 

As an application, we have a new proof of P7| , 7.12]. 

Corollary 6.12. Let e E C* . Suppose two I -tuple polynomials = {P^)k£i, P^ = {Pk)kei 
satisfy that 



a/a' ^ {e"" \n E7j,n>2} for any pair (a, a') with Pl{a) = 0, Pfc/(a') = {k, k' e I). 
Then we have a unique U^CLq) -isomorphism 

M{P^P^) = M{P^) ®c M(p2), 

sending [0]w to [0]^! ® [0]w2- 

Proof. Take diagonal matices s^ G Hy^i., G Hy^i whose entries are roots of P^, P^ respec- 
tively. The evaluation at a = (s^,s^,£) G Hy^i x Hy/z x C* = H defines a homomorphism 
R{H) = R{H)[q,q'^] C. Then we set 

M{P'P') = ir^(£(w)) ®^(^) C, 

M(pi) ®c M(P2) = K^(£(wi)) 0^.5. K^ii^iw')) C = ir^(3) ®n(m 
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The inclusion in Theorem ^]^(3) induces a Ue(L0)-homomorphism M{P^P'^) M{P^) ®c 
M^P"^), sending [0]w to [0]wi ® [0]w2. If we denote by Xa the locahzation of an i?(if)-module 
X at the maximal ideal corresponding to a, the above equalities factor through as 

M(pip^) = K^iHiw)), C, M(pi) ® M(P2) = K^Q)^ c. 

By the localization theorem |^ , we have 

where *° denotes the set of points fixed by a. So the result follows from the following. 
Claim. S.{^Y = y. 

Let W{a) = W^{a)Q)W'^{a) be the eigenspace of si©S2 with eigenvalue a. Let [B, G y 
and 

where /ii, . . . , /iat is a path in our graph. Since [P,z,j] is fixed by a, / maps PVout(/ii)(tt) to 
Win(/i]v)(^~^~^Ck;)- Oil the other hand, the condition [P,i,j] G 3 implies that / maps W"^ to 
and to W'^ as in the proof of Lemma Therefore, / must be by the assumption. 
Since the path is arbitrary, it means that 7r([P,i, j]) = 0, i.e., [B,i,i] G £(w). □ 



Remark 6.13. In our proof of Theorem |6.11| , the assumption that g is of type ADE is used 



for the existence of the comultiplication A. If one can prove the existence of it such that 



Lemma |1.20| still holds, then our proof goes well for a general Kac-Moody Lie algebra g. Or, if 



one can give a different proof of the existence of the isomorphism $ in Theorem |6.11| as merely 



P(i7)-modules, without using Ug (Lg)-module structures, then it means that one can consider 
$ as a 'definition' of the tensor product module. 

7. General case 

Almost all results in previous sections can be generalized to the case of a tensor product of 
more than two modules. 

Let us suppose a direct sum decomposition W = © W"^ © ■ ■ ■ © of /-graded vector 

spaces is given. Let Hwp c Gwp be the maximal torus of diagonal matrices, and let H '^=' 
Hwi X X ■ ■ ■ X H]yN, and let H H x C*. We choose a one-parameter subgroup 
A : C* ^ Gw^ X X ■ ■ ■ X GwN given by 

\{t) = idv^i ©r' idvF2 © ■ ■ ■ © idwN, 

with mi < 7712 < ■ ■ ■ < 7niq. Moreover we take generic mj's and assume that the fixed point 
set 9Jl(w)^(^*) is ajl(wi) X 0Jt(w2) x ■ • • x 9Jl(w^). We define 

3(wi;w2;... ;w^) =• |[P,2,j] Gmt(w) limA(t) * [P,i,j] exists} , 

3(wi;w2;... ;w^) =• |[P,^,j] G !m(w) I Ihn A(t) * [P, j] G £(wi) X ■■■x£(w^)} . 
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Equivalently, we can define inductively 

= {[B,z,j] G m{w) I limy(t) * [B,z,j] G 3(w^ wV ■ ■ ; w^^^) x ajt(w^)} , 

3(wi;wV--;w^) 

= {[B,z,j] G 97l(w) I limA'(t) * [B,t,j] G 3(w W " " ; w^"^) x £(w^)} , 

where 

X'{t) = idvi/i © ■ • • © idvi/iv-i ©tidvt^iv . 

These are closed subvarieties and 3(w^; w^; ■ ■ ■ ; w^) is lagrangian. We have 

(1) Irr 3(w^; w^; ■ ■ ■ ; w^) has a structure of a crystal isomorphic to B{w^) © ■ ■ ■ © i3(w^). 
(Theorem [4.6| ) 



(2) iftop(3(w-'^; w^; ■ ■ ■ ; w^), Q) is isomorphic to ^(w^) ©■ ■ ■© V'(w^) as a g-module. (The- 
orem |5.2|) 

(3) (When q is of type ADE) K^Q{w^; w^; ■ ■ ■ ; w^)) is isomorphic to K^{£.{w^)) ©^^^^ 
• • ■ ©^(5) K^(£(w^)) as a U^(L0) ©z[g,g-i] i?(^)-module. (Theorem [OTD 

Theorem ^]9| depends on ||2^, 23.3.6], which seems difficult to generalize. This is the only 



reason why the author does not know the generalization of Theorem 5.9 



8. Combinatorial description of the crystal 

In this section, we give a combinatorial description of the cristal Irr3(w^; . . . ; w^). 
Since Irr3(w^; . . . ; w^) = Irr£(w^) © • • • © Irr£(w^), it is enough to give a description of 
Irr£(w^). However, we study a slightly general situation. 

For a given one-parameter subgroup po: C* ^ Gwi we define a C*-action on M and 9Jt by 

^^^\^o i^pQif)*h J ^ Poit)* (tj). 

I tBh n n & \ l, 

We denote this C*-action by {B,i,j) y-^ t o {B,i,j) and [B,i,j] t o [B,i,j]. If poit) = idw, 
this is the C*-action considered in [^, §5]. Its crucial property is that the symplectic form uj 
is transformed as tu. We define 

3* |a; G 9Jl(w) lim t o x existsj . 
Note that we consider the limit for t oo while we have studied the limit t — >■ in previous 



sections. When Q contains no cycle and po{t) = idw, we have 3* = 'C(w) 5.3(2)]. 

It is easy to show that the set Irr3* of irreducible components of 3* has a structure of a 
normal crystal as in §^ 

Take a fixed point x of the C*-action and its representative {B,i,j). Then there exists a 
unique homomorphism p: C* ^ Gy such that 

(8.1) to{B,t,j) = p{t)-'-{B,t,j). 

(The uniqueness follows from the freeness of the action of Gy on the set of stable points.) 
Moreover, the conjugacy class of p is independent of the choice of the representative {B,i,j) 
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of X. Thus we have a decomposition 

(8.2) aji(wr = Ur(p), 

p 

where is the set of [-B, i, j] satisfying ( ^.1|) up to conjugacy. It is clear that the conjugacy 

class of p is constant on each connected component. Furthremore, by the argument in [^2|, 
5.5.6], we can show that each summand ^^{p) is the connected component of !H(w)^* (if it 
is nonempty). (The C*-action used in [loc. cit.] is different from the above one. But the 
argument still works. Moreover the assumption —{akiOLi) < 1 there becomes unnecessary for 
the above C*-action.) 

Combining with the argument in p8|, 5.8], we get the following. 

Proposition 8.3. We have a decomposition 

y = \_\y{p)\ y{p) =■ e mt(w) | }^toxe r(p)} . 
p 

The irreducible components of 3* is the closure of each summand 3^(p)> o-nd they are all 
lagrangian subvarieties. 

Here the property t*uj = too played the crusial role. 

The conjugacy class of p corresponds bijectively to the dimensions of its weight space in V^. 
Thus we have an injective map 

where VP = {v e V \ p{t) ■ v = t^f }. 

We set WP = {w e W \ po{t) * w = tPw}. Then (|0|) is equivalent to 



By the same formula in ( p.lD , we define an analogous complex of vector bundles over ^^{p) 
for each p,q E Z: 

LiVP^V'')^ © © © ^UVP^V-^), 
E^{VP,V^^^) L{VP,W'^-^) 

where 

MV^, V') = © Hom(Ct(.), ^^(.)), E^(F^ V^-') = Hom(C,(,), I^^-4) 

^ef^ hen 

The restriction of the tangent bundle T!H to d^{p) decomposes as 0^ ^ Ker P'^p/ Im a''P. Since 
the tangent space to the fixed point set is the 0-weight space. 



aPP. 



Moreover, as in Proposition |3.13| we have 



y{p) Ker P'^P/lm 



a'^P. 



q<p 
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rq-l 
' k ' 



'k ■ 



where the right hand side is the total space of the vector bundle. The natural map 3*(p) 
d^{p) is identified with the projection map of the vector bundle. 

Take a point [B,i,j] G 3*(p) and consider the complex C* The homomorphisms a^, 

Tk have the matrix expression ak = {crk')p,q, Tk = {.'^T)p,q^ where 

hen:in{h)=k heQ.:in(h)=k 
/i6C:m{/i)=fc h£n:ui{h)=k 

Components a'j!' , t'^ vanish if g > p. From the equation TkOk = 0, we have J2r p<r<q ^it ^k' ~ ^■ 
In particular, we have the complex 

PP PP 

h&.\'a{h)=k hen:hi{h)=k 

Lemma 8.4. Let 

_p def. _ j2 rank CI', Ipl ^ rankCf . 

q:q>p q-q<P 

We have 

£k{y{p)) = maxe^, ^k{y{p)) = max^^. 

Let p' {resp. p") is the one parameter subgroup, obtained from p, with dim decreased {resp. 
increased) by 1, and other components unchanged, where 

c(3^(p))} 

^k = ^^{y{p)) 



p = mm |g 
resp. p = max < q 



4 - 



Then 




~..o. ^^ J- tfek{y{p)) = 0, j,^,,.. jo ^f^,{y{p)) = 0, 

otherwise, \j {P ) otherwise. 

Proof. The situation is almost the same as that studied in So Sk{y{p)) is given by the 
same formula as in the tensor product crystal, if we know the codimension of Imr^^ in V^~^. 
In fact, it was given in P^ , 5.5.5]. We have 

dim V^~^ / Imr^^ = max(0, — rankC^*) on a generic point [B, i,j] G d^{p). 

(Although the C*-action in ||3^ is different from our C*-action, the argument works.) 

Now we repeat the argument in where wtfc(&p) (resp. Skipp)) is replaced by rankC^' 
(resp. max(0, — rankC^*)), and the order of the tensor product is reversed. Therefore, we get 

£fc(3^(p)) = max max(0, — rankC^*) — > rankC|* ) 
pel \ ^-^ I 

\ q-q>p / 

= max — y rankC^* ) = maxe^, 
pez \ J pGZ 

\ q:q>p / 
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and other formulas. □ 
Let = dimlV|' Afc, = ^^dimV^afc. We define a crystal Tp by 

(5/= TwP®(g)Sfc, 

k£l 

where Bk is the crystal in Example p..6| (l), and we have used the numbering of / to determine 
the order of the tensor product. Let 5*0 be the crystal consisting of a single element Sq with 
wt So = 0, Ekiso) = (fk{so) = 0, CfcSo = fkSo = 0. We define 

(5 ■ ■ ■ ® Cp+i ®Cp® Cp_i ® • ■ • . 

Theorem 8.5. We have a strict embedding of crystal 

y{p) ® (■ ■ ■ ® (twp ® ®kbk{- dimV^)) ® • • ■ ) ® Sq. 

Proof. It is clear that ip commutes with wt. 

Let ip' : Iriy C be the map defined by omitting the first and last Sq from the above 
formula. Let 6 = ■ ■ ■ (g)6p+i ® 6p (g)6p_i (g) ■ • ■ G C*. We define el, (fl as in ([TTOl ). If 6 = ^'(^ (p)), 
then 



el = dim - J2 dim + {h, ai) dim V^" 

q>p l&I:l<k 
q>p 

^rankCf = £^, 



lel:l>k q>p 
q>p 



q>p 

where we have used that the property h G Q ^ out(/i) < in(/i), h E Q ^ out(/i) > m{h). 

Thus ip' commutes with e^. From the formula ipl = + wtjt(- • ■ ® &p ® ■ ■ ■ )> ^^so commutes 
with (fik- Now we get ( |L7| b, c) for ip' by (|1 . 1 1| ) and the preceding lemma. 

Then we get 

ekmyip))) = ^^^iO,ek{y{p)),-wtk{y{p))) = ekiTip)), 
M^yip))) = max(0,y.fc(3^(p)),wtfc(3^(p))) = Myip)), 

where we have used ek{y{p)), ^Pk{y{p)) > 0, which is clear from the definition. We have 



e.(^(3^(p))) 



So^^'ekiy{p))®So if £fc(3"(p)) ^ 0, 
ifek{y{p)) = 0. 



Since ek{y{p)) = ^k{y{p)) = 0, commutes with ifj. Similarly, fk commutes with 
iIj. □ 

Let us take po(^) = idvr and hence 3* = 'C(w). Then the strictly embedded crystal generated 
by So ® ■ ■ ■ ® (twp ® ®kbk{^)) ® • • • ® Sq in the right hand side is the same as a combinatorial 
description of the crystal i3(w) in |T^. Thus we obtain a different proof of Corollary [4.7| . 



38 



HIRAKU NAKAJIMA 



9. Examples 
In this section, we give examples of 3- 
9.1. Suppose the graph is of type An. We number the vertices as 

12 3 n-2 n-1 n 
• • • • ■ • • • 

We take w = rAi, v = Ylk=i '^kOik with r > f i > f2 > ■ • ■ > fn > 0. By 7.3] njt(v, w) is 



isomorphic to the cotangent bundle T*JF of the partial flag variety consisting of all sequences 
(j) = (C = VoDV^i D---dKiD Vn+i = 0) with dim V/c = v^. The correspondence is given by 



[B,t,j] ^ (0,0 = {{Wi D Imji D Im(ji5i,2) D ■ ■ ■ D Im(ji5i,2 ■ ■ ■S^^i,^) D 0),jiii) , 

where ^ is a cotangent vector, i.e., an endomorphism of with C,{Vk) C V^+i {k = 0, . . . ,n). 
LetW = W^®---® be a direct sum decomposition. We have the associated flag 

W = W° D = D = D ■ ■ ■ D w^-^ = W^ dW^ = {0}. 

p>l p>2 



Then we have 



{(0,0 e I ^(w^^) c 



3(v\wV--;v^w^) = <^(0,Og3 



dim ( \4 n vr^' j = ^ vl 

q:q>p 



where vf. = {hk, v''). Therefore each stratum of 3 is the conormal bundle of a Schubert cell. 

9.2. Again suppose the graph is of type An. We take w = Ai + A„, v = J2k=i ^k. By a 
work of Kronheimer, 9}l(v, w) is the minimal resolution of the simple singularity C^/Z„+i (see 



311 , Chapter 4]). The lagrangian subvariety £(v, w) is the exceptional set. It is a union of n 



projective lines. The intersectection graph is of type An. 

Take coordinates (x, y) of and suppose the action of is given by (x, y) t— > (^x, C'^v) 
where C is a primitive (n+ l)th root of unity. We have a C*-action given by (x, y) ^ {t^^x, ty) 
commuting with the Z„+i-action. This action lifts to an action on OJl(v, w) and coincides with 
the action considered in §^ with = Ai, = A„ (after composed with t ^ t""*"^). Then we 
have 

3 = 3 = (the exceptional set) U (the strict transform of the y-axis). 

Each stratum 3(v^, w^; v^, w^) is isomorphic to the affine line C. The intersectection graph of 
closures of stratum is of type An+i, where the strict transform of 7/-axis is the last vertex. 
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